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ABSTRACT 

Cracks in structural members lead to local changes in their stiffness and consequently their static 

and dynamic behaviour is altered. The influence of cracks on dynamic characteristics like natural 

frequencies, modes of vibration of structures has been the subject of many investigations. 

However studies related to behavior of composite cracked structures subject to in-plane loads are 

scarce in literature. Present work deals with the vibration and buckling analysis of a cantilever 

beam made from graphite fiber reinforced polyimide with a transverse one-edge non-propagating 

open crack using the finite element method. The undamaged parts of the beam are modeled by 

beam finite elements with three nodes and three degrees of freedom at the node. An „overall 

additional flexibility matrix‟ is added to the flexibility matrix of the corresponding non-cracked 

composite beam element to obtain the total flexibility matrix, and therefore the stiffness matrix 

in line with previous studies.  The vibration of cracked composite beam is computed using the 

present formulation and is compared with the previous results. The effects of various parameters 

like crack location, crack depth, volume fraction of fibers and fibers orientations upon the 

changes of the natural frequencies of the beam are studied. It is found that, presence of crack in a 

beam decreases the natural frequency which is more pronounced when the crack is near the fixed 

support and the crack depth is more. The natural frequency of the cracked beam is found to be 

maximum at about 45% of volume fraction of fibres and the frequency for any depth of crack 

increases with the increase of angle of fibres. The static buckling load of a cracked composite 

beam is found to be decreasing with the presence of a crack and the decrease is more severe with 

increase in crack depth for any location of the crack. Furthermore, the buckling load of the beam 

decreased with increase in angle of the fibres and is maximum at 0 degree orientation. 
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CHAPTER-1                                        INTRODUCTION 

 

1.1 Introduction 

Composites as structural material are being used in aerospace, military and civilian applications 

because of their tailor made properties. The ability of these materials to be designed to suit the 

specific needs for different structures makes them highly desirable. Improvement in design, 

materials and manufacturing technology enhance the application of composite structures. The 

suitability of a particular composite material depends on the nature of applications and needs. 

The technology has been explored extensively for aerospace and civil engineering applications, 

which require high strength and stiffness to weight ratio materials.   

Preventing failure of composite material systems has been an important issue in engineering 

design. Composites are prone to damages like transverse cracking, fiber breakage, delamination, 

matrix cracking and fiber-matrix debonding when subjected to service conditions. The two types 

of physical failures that occur in composite structures and interact in complex manner are 

interalaminar and interlaminar failures. Interalaminar failure is manifest in micro-mechanical 

components of the lamina such as fiber breakage, matrix cracking, and debonding of the fiber- 

matrix interface. Generally, aircraft structures made of fiber reinforces composite materials are 

designed such that the fibers carry the bulk of the applied load. Interlaminar failure such as 

delamination refers to debonding of adjacent lamina. The possibility that interalaminar and 

interlaminar failure occur in structural components is considered a design limit, and establishes 

restrictions on the usage of full potential of composites. 
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Similar to isotropic materials, composite materials are subjected to various types of damage, 

mostly cracks and delamination. The crack in a composite structure may reduce the structural 

stiffness and strength, redistribute the load in a way that the structural failure is delayed, or may 

lead to structural collapse. Therefore, crack is not necessarily the ultimate structural failure, but 

rather it is the part of the failure process which may ultimately lead to loss of structural integrity. 

  As one of the failure modes for the fiber-reinforced composites, crack initiation and 

propagation have long been an important topic in composite and fracture mechanics 

communities. During operation, all structures are subjected to degenerative effects that may 

cause initiation of structural defects such as cracks which, as time progresses, lead to the 

catastrophic failure or breakdown of the structure. Thus, the importance of inspection in the 

quality assurance of manufactured products is well understood. Several methods, such as non-

destructive tests, can be used to monitor the condition of a structure. It is clear that new reliable 

and inexpensive methods to monitor structural defects such as cracks should be explored. These 

variations, in turn, affect the static and dynamic behavior of the whole structure considerably. In 

some cases this can lead to failure, unless cracks are detected early enough. To ensure the safe, 

reliable and operational life of structures, it is of high importance to know if their members are 

free of cracks and, should they be present, to assess their extent. The procedures that are often 

used for detection are called direct procedures such as ultrasonic, X-rays, etc. However, these 

methods have proven to be inoperative and unsuitable in some particular cases, since they 

require expensive and minutely detailed inspections. To avoid these disadvantages, researchers 

have focused on more efficient procedures in crack detection based on the changes of modal 

parameters likes natural frequencies, mode shapes and modal damping values that the crack 

introduces.  
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  Cracks or other defects in a structural element influence its dynamical behaviour and change its 

stiffness and damping properties. Consequently, the natural frequencies and mode shapes of the 

structure contain information about the location and dimensions of the damage. Vibration 

analysis can be used to detect structural defects such as cracks, of any structure offer an effective, 

inexpensive and fast means of nondestructive testing. What types of changes occur in the 

vibration characteristics, how these changes can be detected and how the condition of the 

structure is interpreted has been the topic of several research studies in the past. The use of 

composite materials in various construction elements has increased substantially over the past 

few years.  

  Cracks found in structural elements have various causes. They may be fatigue cracks that take 

place under service conditions as a result of the limited fatigue strength. They may also be due to 

mechanical defects, as in the case of turbine blades of jet turbine engines. In these engines the 

cracks are caused by sand and small stones sucked from the surface of the runway. Another 

group involves cracks which are inside the material: they are created as a result of manufacturing 

processes. 

In this thesis Chapter 2 presents the review of literature confining to the scope of the study. The 

analysis of vibration and buckling of cracked composite beam have been briefly addressed in this 

chapter. The Chapter 3 presents some information about the theoretical background of 

composite beam and the mathematical formulation for the analysis of cracked composite beam 

using finite elements method. The elastic stiffness, the mass and geometric stiffness matrices for 

the non-cracked and cracked elements has been formulated. The computer program 

implementation of the theoretical formulations has been briefly described with the help of a flow 

chart.  In Chapter 4, convergence study, comparison with previous study and numerical results 
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has been presented to validate the formulation of the proposed method. The Chapter 5 

concludes the present investigation. An account of possible scope of extension to the present 

study has been appended to the concluding remarks. Some important publications and books 

referred during the present investigation have been listed in the References.    

1.2   Scope of the present Investigation 

 The main aim of this thesis is to work out a composite beam finite element with a non-

propagating one-edge open crack. It has been assumed that the crack changes only the stiffness 

of the element whereas the mass of the element is unchanged. For theoretical modeling of 

cracked composite beam dimensions, crack locations, crack depth and material properties is 

specified. In this work an “overall additional flexibility matrix”, instead of the “local additional 

flexibility matrix” is added to the flexibility matrix of the corresponding non-cracked composite 

beam element to obtain the total flexibility matrix, and therefore the stiffness matrix in the line 

with the other researchers. By using the present model the following effects due to the crack of 

the cantilever composite beam have been analyzed.  

(1) The influence of the volume fraction of fibers, magnitude, location of the crack, angle of 

fibers upon the bending natural frequencies of the cantilever cracked composite beam. 

(2) The effects of above parameters on buckling analysis of cracked composite beam. 

      The present results are compared with previous studies and the new results are obtained in 

the MATLAB environment. 
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CHAPTER-2                          LITERATURE REVIEWS 

 

2.1 Introduction   

The widespread use of composite structures in aerospace applications has stimulated many 

researchers to study various aspects of their structural behaviour. These materials are particularly 

widely used in situations where a large strength-to-weight ratio is required. Similarly to isotropic 

materials, composite materials are subjected to various types of damage, mostly cracks and 

delamination. These result in local changes of the stiffness of elements for such materials and 

consequently their dynamic characteristics are altered. This problem is well understood in case of 

constructing elements made of isotropic materials, while data concerning the influence of fatigue 

cracks on the dynamics of composite elements are scarce in the available literature.  

Cracks occurring in structural elements are responsible for local stiffness variations, which in 

consequence affect their dynamic characteristics. This problem has been a subject of many 

papers, but only a few papers have been devoted to the changes in the dynamic characteristics of 

composite constructional elements. In the present investigation an attempt has been made to the 

reviews on composite cracked beam in the context of the present work and discussions are 

limited to the following area of analysis. 

2.2 Review on vibration of cracked composite beam 

A local flexibility will reduce the stiffness of a structural member, thus reducing its natural 

frequency. For small crack depths the change (decrease) in natural frequency is proportional to 

the square of the crack depth ratio.   
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   Nikpour & Dimarogonas (1988) presented the local compliance matrix for unidirectional 

composite materials. They have shown that the interlocking deflection modes are enhanced as a 

function of the degree of anisotropy in composites. 

   Nikpour (1990) studied the effect of cracks upon buckling of an edge notched column for 

isotropic and anisotropic composites.  He indicated that the instability increases with the column 

slenderness and the crack length. In addition he has shown that the material anisotropy 

conspicuously reduces the load carrying capacity of an externally cracked member. 

   Ostachowicz & Krawczuk (1991) presented a method of analysis of the effect of two open 

cracks upon the frequencies of the natural flexural vibrations in a cantilever beam. Two types of 

cracks were considered: double-sided, occurring in the case of cyclic loadings, and single-sided, 

which in principle occur as a result of fluctuating loadings. It was also assumed that the cracks 

occur in the first mode of fracture: i.e., the opening mode. An algorithm and a numerical 

example were included. 

   Manivasagam & Chandrasekaran (1992) presented results of experimental investigations on 

the reduction of the fundamental frequency of layered composite materials with damage in the 

form of cracks. 

  Krawczuk (1994) formulated a new beam finite element with a single non-propagating one-

edge open crack located in its mid-length for the static and dynamic analysis of cracked 

composite beam-like structures. The element includes two degrees of freedom at each of the 

three nodes: a transverse deflection and an independent rotation respectively.  He presented the 

exemplary numerical calculations illustrating variations in the static deformations and a 

fundamental bending natural frequency of a composite cantilever beam caused by a single crack.  
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  Krawczuk & Ostachowicz (1995) investigated eigen frequencies of a cantilever beam made 

from graphite-fiber reinforced polyimide, with a transverse on-edge non-propagating open crack. 

Two models of the beam were presented. In the first model the crack was modeled by a massless 

substitute spring Castigliano‟s theorem. The second model was based on the finite element 

method. The undamaged parts of the beam were modeled by beam finite elements with three 

nodes and three degrees of freedom at the node. The damaged part of the beam was replaced by 

the cracked beam finite element with degrees of freedom identical to those of the non-cracked 

done. The effects of various parameters the crack location, the crack depth, the volume fraction 

of fibers and the fibers orientation upon the changes of the natural frequencies of the beam were 

studied. Computation results indicated that the decrease of the natural frequencies not only 

depends on the position of the crack and its depth as in the case of isotropic material but also that 

these changes strongly depend on the volume fraction of the fiibers and the angle of the fibers of 

the composite material. 

  Ghoneam (1995) presented the  dynamic  characteristics  laminated  composite beams  (LCB)  

with  various  fiber  orientations  and  different  boundary fixations and  discussed  in  the  

absence  and  presence  of cracks.  A  mathematical  model  was  developed,  and  experimental  

analysis  was utilized  to  study  the  effects  of  different  crack  depths  and  locations, boundary  

conditions,  and  various  code  numbers  of  laminates  on  the dynamic  characteristics  of  

CLCB.  The analysis showed good agreement between experimental and theoretical  results. 

  Dimarogonas (1996) reported a comprehensive review of the vibration of cracked structures. 

This author covered a wide variety of areas that included cracked beams, coupled systems, 

flexible rotors, shafts, turbine rotors and blades, pipes and shells, empirical diagnoses of 

machinery cracks, and bars and plates with a significant collection of references. 
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   Krawczuk, Ostachowicz & Zak (1997) presented a model and an algorithm for creation of the 

characteristic matrices of a composite beam with a single transverse fatigue crack. The element 

developed had been applied in analyzing the influence of the crack parameters (position and 

relative depth) and the material parameters (relative volume and fibre angle) on changes in the 

first four transverse natural frequencies of the composite beam made from unidirectional 

composite material. 

  Hamada (1998) studied the variations in the eigen-nature of cracked composite beams due to 

different crack depths and locations. A numerical and experimental investigation has been made. 

The numerical finite element technique was utilized to compute the eigen pairs of laminated 

composite beams through several state of cracks. The model was based on elastic-plastic fracture 

mechanics techniques in order to consider the crack tip plasticity in the analysis. The model has 

been applied to investigate the effects of state of crack, lamina code number, boundary condition 

on the dynamic behavior of composite beams. 

  Zak, Krawczuk & Ostachowicz (2000) developed the work models of a finite delaminated 

beam element and delaminated plate element. They carried out an extensive experimental 

investigation to establish changes in the first three bending natural frequencies due to 

delaminations. The subsequent results of the numerical calculations were consistent the results of 

the experimental investigations.  

 Banerjee (2001) derived exact expressions for the frequency equation and mode shapes of 

composite Timoshenko beams with cantilever end conditions in explicit analytical form by using 

symbolic computation. The effect of material coupling between the bending and torsional modes 

of deformation together with the effects of shear deformation and rotatory inertia is taken into 



 

9 
 

account when formulating the theory. The expressions for the mode shapes were also derived in 

explicit form using symbolic computation. 

  Wang & Inmana (2002) investigated the free vibration of a cantilever beam, made of 

unidirectional fiber-reinforced composite, of high aspect ratio and with an open edge crack is. 

The beam model is based on the classical lamination theory; the crack modeled with the local 

flexibility method such that the cantilever beam could be replaced with two intact beams with the 

crack as the additional boundary condition. It was demonstrated that changes of eigen-

frequencies and corresponding mode shapes depend on not only the crack location and ratio, but 

also the material properties (fiber orientation, fiber volume fraction).  

  Kisa (2003), investigated the effects of cracks on the dynamical characteristics of a cantilever 

composite beam, made of graphite fibre-reinforced polyamide. The finite element and the 

component-mode synthesis methods were used to model the problem. The cantilever composite 

beam divided into several components from the crack sections. The effects of the location and 

depth of the cracks, and the volume fraction and orientation of the fibers on the natural 

frequencies and mode shapes of the beam with transverse non-propagating open cracks, were 

explored. The results of the study leaded to conclusions that, presented method was adequate for 

the vibration analysis of cracked cantilever composite beams, and by using the drop in the 

natural frequencies and the change in the mode shapes, the presence and nature of cracks in a 

structure can be detected. 

  Wang, Inmana & Farrar (2004) investigated the coupled bending and torsional vibration of a 

fiber-reinforced composite cantilever with an edge surface crack. The model was based on linear 

fracture mechanics, the Castigliano‟s theorem and classical lamination theory. The crack was 



 

10 
 

modeled with a local flexibility matrix such that the cantilever beam was replaced with two intact 

beams with the crack as the additional boundary condition. The coupling of bending and torsion 

can result from either the material properties or the surface crack. 

 Lu & Law (2009) studied such effect from multiple cracks in a finite element in the dynamic 

analysis and local damage identification. The finite beam element was formulated using the 

composite element method with a one-member–one-element configuration with cracks where the 

interaction effect between cracks in the same element was automatically included. The accuracy 

and convergence speed of the proposed model in computation were compared with existing 

models and experimental results. The parameter of the crack model was found needing 

adjustment with the use of the proposed model.  

2.3 Review on buckling analysis of composite cracked beam 

In the present investigation an attempt has been made to the reviews on composite beam in the 

context of the present work. This problem has been a subject of many papers, but only a few 

papers have been devoted to the changes in the static characteristics of cracked composite 

elements. 

Przemieniecki and Purdy (1968) presented the general analysis for large deflections of frame 

structures using concept of discrete element idealizations. They were presented the results for 

deflections of a six-bay truss and buckling of columns with either constant axial load or gravity 

loading. 

Ozturk & Sabuncu (2005) examined the static and dynamic stabilities of a laminated composite 

cantilever beam having linear translation spring and torsional spring as elastic supports subjected 



 

11 
 

to periodic axial loading. The beam was assumed to be an Euler beam and modeled by using the 

finite element method. The model was considered to have symmetric and asymmetric lay-ups. 

The effects of the variation of cross-section in one direction, the ratio of length to thickness, 

orientation angle, static and dynamic load parameters, stiffness of elastic supports having linear 

translation spring and torsional spring, and position of the elastic support on stability were 

examined. In addition, the obtained results of the fundamental natural frequency and critical 

buckling load parameters were compared with the results of other investigators in existing 

literature. 

Goyal & Kapania (2008) performed a stability analysis of laminated beam structures subject to 

sub-tangential loading, a combination of conservative and non-conservative tangential follower 

loads, using the dynamic criterion. These loads were characterized using a non-conservativeness 

loading parameter. This parameter allows them to study the effect of the level of load 

conservativeness on the stability of laminated beams. The element tangent stiffness and mass 

matrices were obtained using analytical integration through the dynamic version of the principle 

of virtual work for laminated composites.  

Akbulut, Gundogdu & Sengul (2010) studied on the theoretical prediction of buckling loads for 

symmetric angle-ply and cross-ply laminated flat composite columns, consisting of two portions 

of different widths connected by fillets. They obtained the buckling loads of the column under 

axial compression for the following end conditions: simply supported, simply-clamped, clamped-

clamped, and clamped free.  

Discussions are limited to the cracked composite beam for area of buckling analysis. 
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 Nikpour (1990) studied the buckling of an edge-notched beam for isotropic and anisotropic 

composites. The local compliance due to the presence of cracks in an anisotropic medium was 

formulated as a function of the crack-tip stress intensity factors and the elastic constants of the 

material. The effect of reducing rigidity on the load-carrying capacity and the post-buckling 

behavior of the beam was discussed. 

  Yang & Chen (2008) presented a theoretical investigation in free vibration and elastic buckling 

of beams made of functionally graded materials (FGMs) containing open edge cracks by using 

Bernoulli–Euler beam theory and the rotational spring model. Analytical solutions of the natural 

frequencies, critical buckling load, and the corresponding mode shapes were obtained for 

cracked FGM beams with clamped–free, hinged–hinged, and clamped–clamped end supports. A 

detailed parametric study was conducted to show the influences of the location and total number 

of cracks, material properties, slenderness ratio, and end supports on the flexural vibration and 

buckling characteristics of cracked FGM beams. 

Karaagac, Ozturk & Sabuncu (2011) investigated the effects of a single-edge crack and its 

locations on the buckling loads, natural frequencies and dynamic stability of circular curved 

beams using the finite element method, based on energy approach. This study consists of three 

stages, namely static stability (buckling) analysis, vibration analysis and dynamic stability 

analysis. The governing matrix equations were derived from the standard and cracked curved 

beam elements combined with the local flexibility concept. Results showed that the reductions in 

buckling load and natural frequency depend not only on the crack depth and crack position, but 

also on the related mode shape. Analyses also showed that the crack effect on the dynamic 

stability of the considered curved beam was quite limited. 
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CHAPTER-3            THEORY AND FORMULATIONS 

 

3.1 Introduction  

Structures are weakened by cracks.  When the crack size increases in course of time, the 

structure becomes weaker than its previous condition.  Finally, the structure may breakdown due 

to a minute crack. The basic configuration of the problem investigated here is a composite beam 

of any boundary condition with a transverse one-edge non-propagating open crack. However, a 

typical cracked cantilever composite beam, which has tremendous applications in aerospace 

structures and high-speed turbine machinery, is considered. 

The following aspects of the crack greatly influence the dynamic response of the structure.    

i. The position of a crack in a cracked composite beam    

ii. The depth of crack in a cracked composite beam       

iii. The angle of fibers in a cracked composite beam    

iv. The volume fraction of fibers in a cracked composite beam 

3.2 The Methodology 

The governing equations for the vibration analysis of the composite beam with an open one-edge 

transverse crack are developed. An additional flexibility matrix is added to the flexibility matrix 

of the corresponding composite beam element to obtain the total flexibility matrix and therefore 

the stiffness matrix is obtained by Krawczuk & Ostachowicz (1995). 
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The assumptions made in the analysis are: 

i. The analysis is linear. This implies constitutive relations in generalized Hook‟s law for 

the materials are linear. 

ii.  The Euler–Bernoulli beam model is assumed.  

iii. The damping has not been considered in this study.  

iv. The crack is assumed to be an open crack and have uniform depth „a‟.  

3.3 Governing Equation 

 The differential equation of the bending of a beam with a mid-plane symmetry (Bij = 0) so that 

there is no bending-stretching coupling and no transverse shear deformation ( = 0) is given by;  

                                                                                                                           (1)   

It can easily be shown that under these conditions if the beam involves only a one layer, isotropic 

material, then IS11 = EI = Ebh
3
/12 and for a beam of rectangular cross-section Poisson‟s ratio 

effects are ignored in beam theory, which is in the line with Vinson & Sierakowski (1991). 

In Equation 1, it is seen that the imposed static load is written as a force per unit length. For 

dynamic loading, if Alembert‟s Principle are used then one can add a term to Equation.1 equal to 

the product mass and acceleration per unit length. In that case Equation.1 becomes 

                                                                                            (2) 

where ω and q both become functions of time as well as space, and derivatives therefore become 

partial derivatives, ρ is the mass density of the beam material, and here A is the beam cross-

sectional area. In the above, q(x, t) is now the spatially varying time-dependent forcing function 
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causing the dynamic response, and could be anything from a harmonic oscillation to an intense 

one-time impact. 

For a composite beam in which different lamina have differing mass densities, then in the above 

equations use, for a beam of rectangular cross-section, 

ρA = ρbh =                                                                                             (3) 

However, natural frequencies for the beam occur as functions of the material properties and the 

geometry and hence are not affected by the forcing functions; therefore, for this study let q(x, t) 

be zero.   

Thus, the natural vibration equation of a mid-plane symmetrical composite beam is given by;  

                                                                                                 (4) 

It is handy to know the natural frequencies of beams for various practical boundary conditions in 

order to insure that no recurring forcing functions are close to any of the natural  frequencies, 

because  that would result almost certainly in  a structural failure. In each case below, the natural 

frequency in radians/unit time are given as 

                                                                                                                  (5)  

where  is the co-efficient, which value is catalogued by Warburton, Young and Felgar and 

once  is known then the natural frequency in cycles per second (Hertz) is  given by  = 

/2π, which is in the line with Vinson & Sierakowski (1991). 
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3.4    Mathematical Model 

The model chosen is a cantilever composite beam of uniform cross-section A, having an open-

edge transverse crack of depth „a‟ at position „l1’. The width, length and height of the beam are 

B, L and H, respectively in Figure.3.1. The angle between the fibers and the axis of the beam is 

„α‟. 

 

Figure.3.1 Schematic diagram cantilever composite beam with a crack 

3.4.1    Buckling analysis studies 

Mass and stiffness matrices of each beam element are used to form global mass and stiffness 

matrices. The dynamic response of a beam for a conservative system can be formulated by 

means of Lagrange‟s equation of motion in which the external forces are expressed in terms of 

time-dependent potentials and then performing the required operations the entire system leads to 

the governing matrix equation of motion                                          

                                                                                           (6) 
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where „q‟ is the vector of degree of freedoms.  ,  and  are the mass, elastic stiffness 

and geometric stiffness matrices of the beam. The periodic axial force , 

where Ω is the disturbing frequency, the static and time dependent components of the load can be 

represented as a fraction of the fundamental static buckling load Pcr hence putting

.                        

 In this analysis, the computed static bucking load of the composite beam is considered the 

reference load. Further the above equation reduces to other problems as follows. 

i. Free vibration with α = 0, β = 0 and ω = Ω/2 the natural frequency 

                                                                                   (7.a) 

ii. Static stability with α = 1,  β = 0, Ω = 0 

                                                                                 (7.b) 

3.4.2   Derivation of Element Matrices 

In the present analysis three nodes composite beam element with three degree of freedom (the 

axial displacement, transverse displacement and the independent rotation) per node is 

considered. The characteristic matrices of the composite beam element are computed on the basis 

of the model proposed by Oral (1991). The stiffness and mass matrices are developed from the 

procedure given by Krawczuk & Ostachowicz (1995). 
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Figure.3.2 Nodal displacements in the element coordinate system 

The linear strain can be described in terms of displacements as 

                                                                                                               (8) 

where displacement vector in the element reference beam is given as 

                                                                 

3.4.2.1 Stress-Strain matrix    

                                                                                                         (9) 

where the element of the matrix D are expressed in Appendix A. 
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Following standard procedures the element stiffness matrix, mass matrix and geometrical 

stiffness matrix can be expressed as follows: 

3.4.2.2 Element stiffness matrix  

Element stiffness matrix for a three-nodes composite beam element with three degrees of 

freedom δ = (u, v, θ) at each node, for the case of bending in the x, y plan, are given in the line 

Krawczuk & Ostachowicz (1995) as follows: 

                                                                                                       (10) 

where    strain displacement matrix, [N] = shape function matrix and 

           where   = ( i, j = 1,………,9) are  

k11 = k77= 7ВН /3L, 

k12 = k21=k78= k87= 7ВН /3L, 

k12 = k21=k78= k87= 7ВН /3L, 

k13 = k31 = (-k79)= (-k97)= ВН /2, 

(-k14) = (-k41) = k47= k74= 8ВН /3L, 

-k15 = (-k51)=(-k42)= (-k24)=(-k48)= (-k84)=(-k57)= (-k75)=8ВН /3L, 

k16 = k61 = (-k34)= (-k43)=k49 = k94=(-k67)= (-k76) =  2ВН /3, 

k17 = k71= ВН /3L, 

k18 = k81=k27= k72= ВН /3L, 
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k73 = k37 = (-k19) = (-k91) = ВН /6, 

k22 = k88 = 7ВН /3L, 

k23 = k32 = (-k89) = (-k98) = ВН /2, 

(-k25)= (-k52) = (-k58) = (-k85) = 8ВН /3L, 

k26 = k62 = k59 = k95 = (-k53) = (-k35) = (-k86)= (-k68) = 2ВН /3, 

k28 = k82= ВН /3L, 

k38 = k83 = (-k29) = (-k92) = ВН /6, 

k45 = k54= 16ВН /3L, 

k44 =16ВН /3L, 

k55 =16ВН /3L, 

k33 = k99 = ВН {(7 H
2
/36L) + ( /9)}, 

k36 = k63=k69 = k96= ВН {(-2 H
2
/9L) + ( /9)}, 

k39 = k93= ВН {( H
2
/36L)-( /18)}, 

k66= ВН{ (4 H
2
/9L)+(4 /9)}, 

k46 = k56 = 0 

where B is the width of the element, H is the height of the element and L denotes the length of 

the element. ,  and  are the stress-strain constants 
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3.4.2.3 Generalized element mass matrix  

Element mass matrix of the non-cracked composite beam element is given in the line Krawczuk 

& Ostachowicz (1995) as 

                                                                                                                   (11) 

            where  = ( i, j = 1,………,9) are  

 

where ρ is the mass density of the element, B is the width of the element, H is the height of the 

element and L denotes the length of the element. 

3.4.2.4   Geometrical stiffness matrix  

Geometrical stiffness matrix of the composite beam element is given in the line Przemieniecki 

and Purdy (1968) as 



 

22 
 

                                                                                                            (12) 

 

where T is an initial tension of the element and L denotes the length of the element. 

3.4.2.5   Stiffness matrix for cracked composite beam element 

The most convenient method to obtain the stiffness matrix of a cracked composite beam element 

is to obtain the total flexibility matrix first and then take inverse of it. The total flexibility matrix 

of the cracked element includes two parts. The first part is the additional flexibility matrix due to 

the existence of crack, which leads to energy release and additional deformation of the structure. 

The second part is original flexibility matrix of the non-cracked composite beam. 

a) Elements of the overall additional flexibility matrix Covl 

   Let B = breadth of the composite beam element        

         H = depth of the composite beam element  

         L = Length of the composite beam element  

         l1 = Distance between the left hand side end node i and crack location  

         A = Cross-sectional area of the composite beam  

         I = Moment of inertia 
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According to the St. Venant‟s principle, the stress field is influenced only in the region near to 

the crack. The additional strain energy due to crack leads to flexibility coefficients expressed by 

stress intensity factors derived by means of Castigliano‟s theorem in the linear elastic range. In 

this study, the bending-stretching effect due to mid-plane asymmetry induced by the cracks is 

neglected. The compliance coefficients cij induced by crack are derived from the strain energy 

release rate. The strain energy (U) of the beam due to crack and can be expressed as 

                                                                                                                                (13) 

Where  = the strain energy release rate,  

            A = the area of the crack section, 

+ + + )                            (14) 

 

 Figure.3.3 A typical cracked composite beam element subjected to shearing force 

and bending moment 

where KI, KII& KIII = Stress intensity factors for fracture modes of opening, sliding and tearing 

type cracks and  the  coefficients  D1, D12, D2 & D3 are  given  by  the  following  relations   
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                                                                                                                       (15) 

 The expression for the stress intensity factors from earlier studies is given by, 

                                                                                                     (16) 

The  correction  factors  Yj(δ)  and Fji(a/H) arise  from  the lack  of  symmetry  and  the  

deformation  at  the  free edges  of  the  beam  compared  with  an  infinite  plate containing  a 

crack.  These  factors  are  non-dimensional functions  of  the  relative  depth  of  the  crack  

( ). The correction functions Yj(δ)  and Fji(a/H)   (j = I, II , i = 1,6) are taken from the line 

Krawczuk & Ostachowicz (1995)  

                     (17.a) 

                        (17.b) 

     (17.c) 

                   (18) 



 

25 
 

where γ = πa/2H 

The dimensionless parameters λ and ζ are defined as functions of the elastic constants by 

                                                                                 (19)     

Applying the Castigliano‟s theorem yields the overall additional flexibility matrix of the element 

 
due to the crack in the form 

                                               (20) 

with the terms of the matrix 
 
being given by 

                                                                              (20.a) 

                     (20.b) 

                                                           (20.c) 

         (20.d) 

                (20.e) 

                                                            (20.f) 

                                                                           (20.g) 

where ā = a/H and dā = da/H 

Now the overall stiffness matrix C
1 
= Covl is given by    
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                                                                     (21)  

 

b) Flexibility matrix for the C
0
 = CIntact composite beam 

The flexibility matrix of the non-cracked element C
0 

is determined by the force-displacement 

equation, i.e. 

                                                                       (22) 

where  P = the column matrix of the dependent nodal forces 

           q = the column matrix of the nodal displacements 

and  Ke denotes the stiffness matrix of the non-cracked element. 

                                                                                                               (23) 

Finally, the flexibility matrix of the non-cracked element C
0
 = Cintact is in the form 

                             (24) 

c) Total flexibility matrix  of the cracked composite beam element   

                                                                                                (25) 
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d) Stiffness matrix  of a cracked composite beam element: 

From equilibrium condition is plotted in Figure.3.4.  

                                                                           (26) 

 

Figure.3.4 Geometry of a finite composite beam element with an open crack 

The matrix of transformation [T] is calculated by using the equation of overall equilibrium for 

element forces (i = 1,9) and (i = 1,6). The final form of this matrix is 

                                                                   (27) 

Hence the stiffness matrix KCrack of a cracked beam element can be obtained as 

                                                                                                       (28) 

 

3.5 Computational procedure for a cracked composite beam  
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A computer program is developed to perform all the necessary computations in MATLAB 

environment. In the initialization phase, geometry and material parameters are specified. For 

example for a Euler–Bernoulli composite beam model with localized crack, material parameters 

like modulus of elasticity, the modulus of rigidity, the Poisson ratio and the mass density of the 

composite beam material and geometric parameters like dimensions of the composite beam, also 

the specifications of the damage like size of the crack, location of the crack and extent of crack 

are supplied as input data to the computer program.  The beam is divided into n number of 

elements and n+1 number of nodes. The elements of the mass matrix, elastic stiffness matrix  and 

geometric stiffness matrix are formulated according to above expression and are obtained the 

non-dimensional natural frequencies and buckling load for non-cracked and cracked composite 

beam element. The program uses the MATLAB function, “Gauss Quadrature” to carry out the 

integration part. Element matrices are assembled to obtain the global matrices. Boundary 

conditions are imposed by elimination method. For Euler–Bernoulli composite beam with fixed-

free end conditions the first three rows and columns of the global matrices are eliminated to 

obtain the reduced matrices. The non-dimensional natural frequencies are calculated by solving 

the Eigen value problems in eq. 5. The built in MATLAB function “eig” is used to calculate the 

eigen values, eigenvectors and mode shape diagram. 
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3.5.1 Flow Chart of the program 

 

 

                                                                             

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.3.5 Flowchart utilized in the Static stability and Free vibration analyses 

INPUT DATA 

i. Properties of Composite Beam Model : Em, Ef, 

Gm, Gf, , , ρm, ρf, , , L, B, H, I, A,α, 

V 

ii. Expression for Standard Procedure: Element 

stiffness matrix [Ke], mass matrix [M], 

geometric stiffness matrix [Kg] 

iii. Boundary coditions: 

[ Ke], [M] and [ Ke], [Kg] 

iv. Location, depth and Magnitude of the crack: 

x/L, a/H, KCrack 

 

 

 

 

 

 

Clamped Free: 

 Ki, Mi →∞ 

Type of 

Analysis? 

Static Stability 

Given ω, 

 Find Pcr 

Free Vibration 

Given λ,   

Find ω 

 

Determined Non-dimensional 

Parameter as:  

Determined Non-dimensional 

Parameter as:  

 

 

Non-dimensional Parameters: 

 

Determined Vibration 

Modes 
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CHAPTER-4                RESULTS AND DISCUSSIONS 

 

Effect of an open edge transverse crack on various parameters of a composite beam like 

vibration and buckling are studied and compared with previously studied results. The 

formulation is then validated and extended for other problems.    

4.1 Introduction 

In order to check the accuracy of the present analysis, the case considered in Krawczuk & 

Ostachowicz (1995) is adopted here. The beam assumed to be made of unidirectional graphite 

fiber-reinforced polyamide. The geometrical characteristics and material properties of the beam 

are chosen as the same of those used in Krawczuk & Ostachowicz (1995). The material 

properties of the graphite fiber-reinforced polyamide composite, in terms of fibers and matrix, is 

identified by the indices f and m, respectively, are in Table-4.1 

Table-4.1 Properties of the graphite fibre-reinforced polyamide composite 

Modulus of Elasticity Em 2.756 GPa 

 Ef 275.6 GPa 

Modulus of Rigidity Gm 1.036 GPa 

 Gf 114.8GPa 

Poisson‟s Ratio  0.33 

  0.2 

Mass density ρm 1600 kg/m
3
 

 ρf 1900 kg/m
3
 

 

The geometrical characteristics, the length (L), height (H) and width (B) of the composite beam, 

are taken as 1.0 m, 0.025 m and 0.05m respectively. 
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Figure.4.1 Geometry of cantilever cracked composite beam with 12 elements  

 

In this chapter, the results of vibration and buckling analysis of composite beam structure with or 

without crack are presented using the formulation given in Chapter-3. Each of the cracked 

composite beam problems is presented separately for the following studies: 

I.   Convergence Studies 

II.   Comparison with Previous Studies 

III.    Numerical Result 

A. Vibration and Buckling Analysis of results of composite beam with single crack                                                          

B. Vibration Analysis of results of composite beam with multiple cracks          

4.2 Convergence Study 

The convergence study is carried out for the free vibration of cracked composite beam and 

omitted here for sake of brevity. Based on this study, a mesh of 12 elements shows good 

convergence of numerical solutions for free vibration of cracked composite beam, which is 

shown in Fig.4.2. 
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Table-4.2 Convergence of non-dimensional free vibration frequencies of cracked composite 

beam for different angle of fibers 

V = 0.1, a/H = 0.2, Em = 2.756; Ef = 275.6; =.2; =1.036; =114.8; =1600; =1900; 

 

Non dimensional frequency,  

 

 

Mesh Division 

Non dimensional frequencies for different angle of fibers 

”α”(degrees) 

α = 0 α = 15 α = 30 

2 elements 1.5982 1.6703 1.7125 

4 elements 1.6815 1.7255 1.7732 

8 elements 1.6995 1.7257 1.7748 

12 elements 1.7055 1.7245 1.7743 

Krawczuk & Ostachowicz 

(1995) 
1.7055 1.7245 1.7743 

 

 

Figure.4.2 The convergence of non-dimensional free vibration frequencies of cracked 

composite beam for angle of fibers “α = 0” (degrees) 
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4.3 Comparison with Previous Studies 

Quantitative results on the effects of various parameters on the vibration and buckling analysis of 

cracked composite are presented. 

4.3.1   Vibration analysis studies 

The presented method has been applied for the free vibration analysis of a non-cracked and 

cracked composite cantilever beam. Free vibration analysis of a cantilever cracked composite 

beam has been examined by Krawczuk & Ostachowicz (1995) using finite element method 

(FEM). In this study the results obtained with present element are compared with the results of 

Krawczuk & Ostachowicz. Throughout this investigation, 12 elements are used in modeling the 

cracked composite beam. In addition, the three lowest eigen-frequencies for various values of the 

angle of the fiber (α) and the volume fraction of fibers (V) are determined and given in Table-4.3 

and Fig. 4.3, 4.4.  In Figure.4.5 and 4.6 the changes of the two first natural frequencies of the 

beam due to the crack as functions of the angle of fibers (α) are compared with the results of 

Krawczuk & Ostachowicz(1995). As seen from the tables agreements are good. 

The non-dimensional natural frequencies are normalized according to the following relation; 

                                                                                             (29) 

where ωn(α) denotes the natural frequency of the beam computed for the fibers angle α = 0 

degree. 
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Table-4.3: Comparison of First three Non-dimensional natural frequencies of the non-

cracked composite beam as a function of the angle of fibers α, where Value of V=0.10 and 

0.30 

 

 

Angle 

of 

Fibers 

(degre

es) 

 Present Analysis Krawczuk & Ostachowicz (1995) 

Volume 

of 

Fraction 

V 

1
st
 Non-

dimension

al   Nat. 

freq 

 

2
nd

 Non-

dimension

al   Nat. 

freq 

 

3
rd

 Non-

dimension

al   Nat. 

freq 

 

1
st
 Non-

dimension

al   Nat. 

freq 

 

2
nd

 Non-

dimension

al   Nat. 

freq 

 

3
rd

 Non-

dimension

al   Nat. 

freq 

 

0  

 

 

0.10 

1.8798 4.6566 7.6681 1.85145 4.52827 7.71888 

15 1.8243 4.5300 7.4841 1.81768 4.51477 7.51418 

30 1.6655 4.1530 6.9033 1.65453 4.12945 6.89687 

45 1.4342 3.5854 5.9833 1.38995 3.53323 5.97735 

60 1.2083 3.0230 5.0513 1.15370 3.01580 5.01780 

75 1.0998 2.7514 4.5973 1.08133 2.74520 4.57040 

90 1.0881 2.7205 4.5410 1.08007 2.71020 4.51710 

 

0  

 

 

0.30 

1.8771 4.6113 7.5073 1.85145 4.52827 7.64894 

15 1.8188 4.4873 7.3447 1.81768 4.44477 7.37372 

30 1.6484 4.0982 6.7804 1.65453 4.02945 6.92680 

45 1.3886 3.4682 5.7818 1.38995 3.43323 5.85710 

60 1.1068 2.7684 4.6260 1.15370 2.71580 4.76640 

75 0.948 2.3713 3.9632 1.08133 2.27052 4.04030 

90 0.9307 2.3263 3.8831 1.08007 2.21720 3.97620 
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Figure.4.3 First three non-dimensional frequencies of the non-cracked composite beam as a 

function of the angle of fibers α. Values of V: 0.1 

 

 

 

Figure.4.4 First three non-dimensional frequencies of the non-cracked composite beam as a 

function of the angle of fibers α. Values of V: 0.30 
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Table-4.4 Comparison of Non-dimensional natural frequencies of the cracked composite 

beam as a function of the angle of fibers (α) for several values of the crack depth a/H =0.2, 

0.4, 0.6 (value fraction of fibers V = 10%, crack location x/L = 0.1) 

 

Angle of 

Fibers 

(degrees) 

 

Relative 

Cracked 

depth 

(a/H) 

        

Present Analysis 

 

Krawczuk & Ostachowicz 

(1995) 

1
st
 Non-

dimensional   

Nat. freq 

 

2
nd

 Non-

dimensional   

Nat. freq 

 

1
st
 Non-

dimensional   

Nat. freq 

 

2
nd

 Non-

dimensional   

Nat. freq 

 

0  

 

 

0.2 

1.7070 4.5477 1.7100 4.5400 

15 1.7260 4.5656 1.7260 4.5600 

30 1.7755 4.6064 1.7705 4.6000 

45 1.8337 4.6489 1.8297 4.6400 

60 1.8738 4.6771 1.8728 4.6700 

75 1.8875 4.6858 1.8805 4.6808 

90 1.8886 4.6898 1.8806 4.6820 

 

0  

 

 

0.4 

1.4110 4.4495 1.4150 4.4315 

15 1.4428 4.6590 1.4458 4.4500 

30 1.5359 4.5075 1.5452 4.5000 

45 1.6723 4.5654 1.6753 4.5700 

60 1.7939 4.6232 1.7940 4.6232 

75 1.8432 4.6492 1.8332 4.6492 

90 1.8479 4.6497 1.8409 4.6497 

 

0  

 

 

     0.6 

1.2216 4.2150 1.1316 4.2210 

15 1.2530 4.2414 1.1930 4.2400 

30 1.3484 4.3243 1.3184 4.3300 

45 1.4996 4.4474 1.5004 4.4500 

60 1.6511 4.5732 1.6523 4.5600 

75 1.7189 4.6233 1.7189 4.6200 

90 1.7256 4.6272 1.7356 4.6272 
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Figure.4.5 Changes in the First Non-dimensional natural frequencies of the cracked 

composite beam as a function of the angle of fibers α for several values of the crack depth 

a/H =0.0, 0.2, 0.4 and 0.6 (value fraction of fibers V = 10%, crack location x/L = 0.1) 

 

 

Figure 4.6 Changes in the second non-dimensional natural frequencies of the cracked 

composite beam as a function of the angle of fibers α for several values of the crack depth 

a/H =0.0, 0.2, 0.4 and 0.6 (value fraction of fibers V = 10%, crack location x/L = 0.1) 
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4.3.2    Buckling analysis studies 

In this buckling analysis study, the results of non-cracked composite beam obtained with the 

present element are compared with the analytical results of Reddy (1997) and Ozturk & Sabuncu 

(2005). Table-4.5 shows the comparison of present results of buckling load with the results of 

Reddy (1997) and Ozturk & Sabuncu (2005) for various values of the angle of the fiber (α). As 

seen from the tables agreements are good. 

The buckling loads are normalized according to the following relation; 

                                                                                                             (30) 

where  denotes for the non-dimensional buckling load,  denotes for the critical buckling 

load, L,  denote for the length, width, height and material property of the non-

cracked composite beam. 

Table-4.5: Buckling loads of a non-cracked composite beam for angle of fiber = 0, 30, 60 

and 90 degree 

Angle of fibers 

(degree) 
Present FEM 

Ozturk & Sabuncu 

(2005) 
Reddy (1997) 

0 4.9984 5.1404 5.14 

30 1.6632 - - 

60 0.3891 - - 

90 0.2006 0.2056 0.205 
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4.4   Numerical Results 

After obtaining the comparison with previous study and validating the formulation with the 

existing literatures, the results for non-dimensional natural frequencies of the non-cracked 

composite beam as a function of the angle of fibers (α) are presented. The changes of the two 

first natural frequencies of the beam due to the crack as functions of the angle of fibers (α) and 

volume fraction of fiber are analyzed and buckling analysis is carried out for free vibration of  a 

composite beam with single crack for various crack positions and crack depths. Similarly, the 

three first natural frequencies of the composite beam due to the crack as functions of the angle of 

fibers (α) and volume fraction of fiber are analyzed for free vibration of a composite beam with 

multiple cracks for various crack positions.  The beam assumed to be made of unidirectional 

graphite fiber-reinforced polyamide. The geometrical characteristics and the material properties 

of the graphite fiber-reinforced polyamide composite beam are chosen as the same of those used 

in Ozturk & Sabuncu (2005). The material properties of the graphite fiber-reinforced polyamide 

composite are 

E11 = 129.207GPa,    E22 = 9.42512GPa,  

G12 = 5.15658GPa,   G13 = 4.3053GPa,   G23 = 2.5414GPa,  

 

The geometrical characteristics, the length (L), height (H) and width (B) of the composite beam 

were chosen as 1.0m, .009525m and 0.0127m, respectively. 

The crack is located at x/L =0.1, 0.2, 0.4, 0.6 and 0.8.   

Relative crack depth (a/H) = 0.2, 0.4 and 0.6 
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4.4.1 (A) Vibration analysis of results of composite beam with single crack  

Firstly, the present method has been applied for the free vibration analysis of a non-cracked 

composite cantilever beam by using twelve elements FE model of the same length. The three 

lowest non-dimensional natural frequencies for various values of the angle of fibers (α) and the 

volume fraction of fibers (V) are determined and tabulated in Table 4.6, 4.7, 4.8 and 4.9. The 

results are also plotted in Figures 4.7 to 4.10. As the angle of the fiber increases from 0º to 90º, 

the non-dimensional natural frequency decreases. It is also found that the rate of decrease in non 

dimensional natural frequency with increase in volume fraction of fibers is more as the volume 

approaches approximately 45%.  

 

Table-4.6   Numerical Result of First three non-dimensional natural frequencies of the non-

cracked composite beam as a function of the angle of fibers α, where Value of V=0.02 

 

Angle of 

fibers(degree) 

Present analysis 

1
st
 Non-

dimensional 

Frequency 

2
nd

 Non-

dimensional 

Frequency 

3
rd

 Non-

dimensional 

Frequency 

0 2.6780 6.2190 10.3191 

15 2.6605 6.3681 10.2488 

30 2.6286 6.1887 10.0580 

45 2.5081 5.8617 9.7541 

60 2.2001 5.0901 9.0700 

75 1.8163 4.4184 8.1543 

90 1.6045 4.0736 7.4392 
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Table-4.7   Numerical Result of First three Non-dimensional natural frequencies of the 

non-cracked composite beam as a function of the angle of fibers α, where Value of V=0.1 

Angle of 

fibers(degree) 

Present analysis 

1
st
 Non-

dimensional 

Frequency 

2
nd

 Non-

dimensional 

Frequency 

3
rd

 Non-

dimensional 

Frequency 

0 2.4957 6.1828 10.1850 

15 2.4674 6.1118 10.0653 

30 2.3785 6.1887 9.6933 

45 2.2201 5.8898 9.0445 

60 1.9891 5.4987 8.1248 

75 1.7186 4.9374 7.1049 

90 1.5685 4.2808 6.5070 

 

 

Table-4.8   Numerical Result of First three Non-dimensional natural frequencies of the 

non-cracked composite beam as a function of the angle of fibers α, where Value of V=0.30 

Angle of 

fibers(degree) 

Present analysis 

1
st
 Non-

dimensional 

Frequency 

2
nd

 Non-

dimensional 

Frequency 

3
rd

 Non-

dimensional 

Frequency 

0 2.4929 6.1383 10.0266 

15 2.4401 6.0128 9.8280 

30 2.2873 5.6482 9.2407 

45 2.0519 5.0821 8.2490 

60 1.7649 4.3856 7.1315 

75 1.4848 3.6997 6.1433 

90 1.3486 3.3634 5.5950 
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Table-4.9   Numerical Result of first three Non-dimensional natural frequencies of the non-

cracked composite beam as a function of the angle of fibers α, where Value of V=0.75 

Angle of 

fibers(degree) 

Present analysis 

1
st
 Non-

dimensional 

Frequency 

2
nd

 Non-

dimensional 

Frequency 

3
rd

 Non-

dimensional 

Frequency 

0 2.4949 6.1707 10.1411 

15 2.4561 6.0755 9.9854 

30 2.3406 5.7925 9.5224 

45 2.1519 5.3314 8.7553 

60 1.8999 4.7187 7.7553 

75 1.6244 4.0468 6.7182 

90 1.4769 3.6835 6.1278 

 

 

 

Figure 4.7 First three Non-dimensional frequencies of the non-cracked composite beam as 

a function of the angle of fibers α. Values of V: 0.02 
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Figure 4.8 First three Non-dimensional frequencies of the non-cracked composite beam as 

a function of the angle of fibers α. Values of V: 0.10 

 

 

Figure 4.9 First three Non-dimensional frequencies of the non-cracked composite beam as 

a function of the angle of fibers α. Values of V: 0.30 
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Figure 4.10   First three Non-dimensional frequencies of the non-cracked composite beam 

as a function of the angle of fibers α. Values of V: 0.75 

Secondly, the non-dimensional natural frequencies and mode shapes of the cantilever composite 

beam having a transverse one-edge non-propagating open crack are analyzed. The calculations 

have been carried out for various values of the fiber angle (α), depth of the crack (a/H) and the 

fiber volume fraction (V = 0.1). The model of the composite beam contains eleven non-cracked 

beam elements and one element with a crack as shown in Figure 4.1. The crack was located at a 

distance x = 0.1L (m) from the fixed end of the beam. The changes in the first two natural 

frequency of the cracked beam are given as a function of crack ratios (a/H) and the fiber 

orientations (α), which is tabulated in Table 4.10 and 4.1 and plotted in Figure 4.11 and 4.12. As 

seen in Figure 4.11, when the crack is perpendicular to the fiber direction, the decrease in the 

first natural frequencies are highest. When, the angle of fibers (α) increase the values of the 

natural frequencies also increase. The most difference in frequency occurs when the angle of 

fiber (α) is 0 degree. This is due to the fact that the flexibility of the composite beam due to crack 
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decreases in the natural frequencies become more intensive with the growth of the depth of crack 

as seen in Figure 4.11 and 4.12.  

Table-4.10    First Non-dimensional natural frequencies of the cracked composite beam as a 

function of the angle of fibers α for several values of the crack depth a/H = 0.2, 0.4 and 0.6 

(value fraction of fibers V = 10%, crack location x/L = 0.1) 

crack 

position 

Angle of 

fibers(degree) 

Relative crack depth (a/h) 

0.2 0.4 0.6 

 

 

 

x = 0.1L 

0 2.1348 1.6184 1.4667 

15 2.1674 1.6611 1.5062 

30 2.2552 1.7918 1.6279 

45 2.3652 2.005 1.8285 

60 2.4475 2.2334 2.0462 

75 2.4707 2.3502 2.158 

90 2.4719 2.3665 2.1736 

 

Table-4.11   Second Non-dimensional natural frequencies of the cracked composite beam as 

a function of the angle of fibers α for several values of the crack depth a/H = 0.2, 0.4 and 

0.6 (value fraction of fibers V = 10%, crack location x/L = 0.1) 

crack 

position 

Angle of 

fibers(degree) 

Relative crack depth (a/h) 

0.2 0.4 0.6 

 

 

 

x = 0.1L 

0 5.8707 5.0340 3.9570 

15 5.931 5.1943 4.0078 

30 6.0789 5.4406 4.1638 

45 6.2307 5.6969 4.4199 

60 6.3201 5.9196 4.702 

75 6.3452 6.0772 4.8534 

90 6.3337 6.1704 4.8754 
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Figure 4.11   Changes in the First Non-dimensional natural frequencies of the cracked 

composite beam as a function of the angle of fibers α for several values of the crack depth 

a/H = 0.2, 0.4 and 0.6 (value fraction of fibers V = 10%, crack location x/L = 0.1) 

 

 

Figure 4.12 Changes in the First Non-dimensional natural frequencies of the cracked 

composite beam as a function of the angle of fibers α for several values of the crack depth 

a/H = 0.2, 0.4 and 0.6 (value fraction of fibers V = 10%, crack location x/L = 0.1) 
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This conclusion is clearly seen from Figure 4.13, which illustrates the first three natural bending 

mode shapes of the non-cracked composite beam. This change of mode shapes can be used to 

detect the crack location as well as its magnitude for practical problems. The figures 4.14 to 4.16 

show the mode shapes of vibration for the first three fundamental frequencies of a cracked beam 

with one-edge transverse crack at 0.1L for different crack depths. 

 

Figure 4.13   First, Second and Third mode shapes of non-cracked composite beam  

 

 

Figure 4.14   First mode shapes of cracked composite beam for x=0.1L and relative cracked 

depth (rcd) = 0.2, 0.4, 0.6 
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Figure 4.15   Second mode shapes of cracked composite beam for x=0.1L and relative 

cracked depth (rcd) = 0.2, 0.4, 0.6 

 

 

Figure 4.16   Third mode shapes of cracked composite beam for x=0.1L and relative 

cracked depth (rcd) = 0.2, 0.4, 0.6 
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Thirdly, Figures 4.17 and 4.18 show the influence of the volume fraction of the fiber on the 

changes in the first two non-dimensional natural frequency of the analyzed cracked composite 

beam for the several values of the crack ratios (a/H). The calculations have been carried out for 

various values of the fiber volume fraction, depth of the crack (a/H) and the fiber angle (α= ). 

The crack was located at a distance x = 0.1L (m) from the fixed end of the beam. The decrease of 

the non-dimensional natural frequencies depends on the volume fraction of the fibers. The 

flexibility due to crack is high when the volume fraction of the fiber is between 0.2 and 0.8 and 

maximum when the fiber fractions is approximately 0.45.  This is due to the fact that the 

flexibility of the composite beam due to crack is a function of the volume fraction of the fibers. 

Therefore, if the volume fraction of the fiber is between 0.2 and 0.8 and crack depth is getting 

higher, the frequency reductions are relatively high as seen in figure. 

Table-4.12   Numerical result of First Non-dimensional natural frequencies of the cracked 

composite beam as a function of value fraction of fibers V for several values of the crack 

depth a/H = 0.0, 0.2, 0.4 and 0.6 (the angle of fibers α = 0 degree, crack location x/L = 0.1) 

Angle of 

fibers(degree) 

Volume fraction 

of fiber 

1
st
 Non-dimensional Frequency 

Relative 

crack depth 

(a/h) = 0.0 

Relative 

crack depth 

(a/h) = 0.2 

Relative 

crack depth 

(a/h) = 0.4 

Relative 

crack depth 

(a/h) = 0.6 

0 

0 2.4985 2.4829 2.2603 2.0032 

0.2 2.4985 2.2709 1.7452 1.3263 

0.4 2.4985 2.0618 1.4246 1.0028 

0.6 2.4985 2.0745 1.4332 1.0198 

0.8 2.4985 2.2683 1.7398 1.3265 

1.0 2.4985 2.4817 2.2580 2.0125 
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Table-4.13 Numerical result of Second Non-dimensional natural frequencies of the cracked 

composite beam as a function of value fraction of fibers V for several values of the crack 

depth a/H = 0.0, 0.2, 0.4 and 0.6 (angle of fibers α = 0 degree, crack location x/L = 0.1) 

Angle of 

fibers(degree) 

Volume fraction 

of fiber 

2
nd

 Non-dimensional Frequency 

Relative 

crack depth 

(a/h) = 0.0 

Relative 

crack depth 

(a/h) = 0.2 

Relative 

crack depth 

(a/h) = 0.4 

Relative 

crack depth 

(a/h) = 0.6 

0 

0 6.2303 6.0809 5.5362 5.2656 

0.2 6.2303 5.4703 4.9025 4.5044 

0.4 6.2303 5.1610 4.4687 4.1243 

0.6 6.2303 5.1704 4.4712 4.1031 

0.8 6.2303 5.3962 4.9132 4.5398 

1.0 6.2303 6.0825 5.5386 5.2208 

  

 

Figure 4.17   The First Non-dimensional natural frequencies of the cracked composite 

beam as a function of volume fraction of fiber V for several values of the crack depth a/H 

=0.0, 0.2, 0.4 and 0.6 (the angle of fibers α = 0 degree, crack location x/L = 0.1) 
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Figure 4.18 Changes in the Second Non-dimensional natural frequencies of the cracked 

composite beam as a function of volume fraction of fiber V for several values of the crack 

depth a/H = 0.0, 0.2, 0.4 and 0.6 (the angle of fibers α = 0 degree, crack location x/L = 0.1) 

 

Lastly, Figure 4.19, 4.20 show the plot of the ratio of the first two non-dimensional natural 

frequency of the cracked composite beam to the first two non-dimensional natural frequency of 

the non-cracked composite beam as a function of crack depth ratio (a/H) for crack position x = 

0.1L and volume fraction of fiber is equal to 0.1. The relative changes are normalized according 

to the following relation  

                                                                                                           (31) 

 where  denotes first non-dimensional natural frequency of the cracked composite beam, 

 denotes first non-dimensional natural frequency of the non-cracked composite beam  
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Table-4.14   First non-dimensional frequency ratios for different crack depth 

Angle of 

fibers(degree) 

Volume 

fraction of 

fiber 

Frequency Ratio 

RCD=0.0 RCD=0.2 RCD=0.4 RCD=0.5 

0 

0.1 

1.582 0.855391 0.648475 0.587691 

15 1.582 0.878415 0.673219 0.61044 

30 1.582 0.948161 0.753332 0.684423 

45 1.582 1.065357 0.903112 0.823612 

60 1.582 1.230456 1.122819 1.028706 

75 1.582 1.437624 1.367508 1.255673 

90 1.582 1.575964 1.508766 1.385783 

 

 

Table-4.15   Second non-dimensional frequency ratios for different crack depth 

Angle of 

fibers(degree) 

Volume 

fraction of 

fiber 

Frequency Ratio 

RCD=0.0 RCD=0.2 RCD=0.4 RCD=0.6 

0 

0.1 

1.48341 0.949521 0.814194 0.640001 

15 1.48341 0.970418 0.849881 0.655748 

30 1.48341 0.982258 0.879118 0.672807 

45 1.48341 1.05788 0.967248 0.750433 

60 1.48341 1.149381 1.076545 0.855111 

75 1.48341 1.28513 1.23085 0.982987 

90 1.48341 1.47956 1.441413 1.138899 
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The natural frequencies of the cracked composite beam are lower than the non-cracked 

composite beam. These differences increase with the crack depth ratio. As shown in Figure 4.19, 

when the crack is perpendicular to the angle of fiber, the decrease in the first natural frequency is 

highest. As the angle of fiber increases, the relative changes in the first frequency reduce.  

 

Figure 4.19 Relative changes in the first non-dimensional frequency ratios for different 

crack depth of the cracked composite beam 

 

Figure 4.20 Relative changes in the second non-dimensional frequency ratios for different 

crack depth of the cracked composite beam 
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4.4.1(B) Vibration analysis of results of composite beam with multiple cracks 

Quantitative results on the effects of various parameters on the vibration of composite cracked 

beams with multiple cracks are presented. The results are compared with previous studies and 

the present method is validated with published papers. The Finite element analysis is carried out 

for free vibration of a composite cracked beam for various crack positions and crack depth=0.2 

for the example problem considered by Ozturk & Sabuncu (2005). In Figure 4.21 to 4.23, the 

variation of the first three lowest natural frequencies of the composite beam with multiple cracks 

is shown as a function of fiber orientation (α) for different crack locations . In these 

figures, two cases, labeled as X and Y, are considered. In the model, the number of the cracks 

assumed to be three. The crack locations  for the cases X and Y are chosen as 

(0.1, 0.2, 0.4), (0.6, 0.8, 0.9), respectively. For numerical calculations the volume fraction of 

fiber (V) and the crack depth (a/H) are assumed to be 0.10 and 0.2, respectively. The non-

dimensional natural frequencies are normalized according to Eq. (29). 

 

Figure 4.21   The first non-dimensional natural frequencies as a function of fiber 

orientation for the cases of three cracks located differently, as indicated a/H=0.2 and V=0.1 
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Figure 4.22   The second non-dimensional natural frequencies as a function of fiber 

orientation for the cases of three cracks located differently, as indicated a/H=0.2 and V=0.1 

 

Figure 4.23   The third non-dimensional natural frequencies as a function of fiber 

orientation for the cases of three cracks located differently, as indicated a/H=0.2 and V=0.1 
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second and third natural frequencies are most affected when the cracks located at the near of the 

fixed end, the middle of the beam and the free end, respectively. 
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Similarly the study is extended for buckling analysis of a cantilever composite beam with a crack 

for the same beam taken by Ozturk & Sabuncu (2005). 

4.4.2 Buckling analysis of results of composite beam with single crack  

The buckling analysis is done for the same beam as considered by Ozturk & Sabuncu (2005) and 

Reddy (1997) for different crack locations and crack depths.  The results are tabulated in table 

4.16 and plotted in the Figure 4.24 to 4.27. The calculations have been carried out for 

10%volume fraction of the fiber and the angle of fibers varying from 0 to 90 degrees. From the 

table 4.16, it is clear that the non-dimensional buckling load of the beam reduces from 4.9984 to 

4.7154 with introduction of a crack at 0.1L and relative crack depth of 0.2. The non-dimensional 

buckling load decreases substantially from 4.7154 to 3.1330 with increase of relative crack depth 

from 0.2 to 0.6 due to decrease in stiffness.  Similarly the non-dimensional buckling load 

decreases with increase of relative crack depth from 0.2 to 0.6 for other cases of the crack 

position i.e. 0.1L, 0.2L, 0.4L, 0.6L and 0.8L.  The variation of non-dimensional buckling loads 

of cantilever composite beam with crack location for different relative crack depth (0.2 to 0.6), 

when angle of fiber = 0 degree is shown in Figure 4.25. It is observed that the non-dimensional 

buckling load increases from 4.7154 to 4.9640 with increase of x/L from 0.1 to 0.8 for relative 

crack depth = 0.2. For relative crack depth 0.6 the non-dimensional buckling load increases from 

3.1330 to 4.3844 when the location of crack shifts from 0.1L to 0.8L. It means the non-

dimensional buckling load of a cracked cantilever composite beam is higher if the crack is near 

the free end than near the fixed end and non-dimensional buckling load decreases with increase 

in relative crack depth. For a given crack depth it increases as crack location moves from fixed 

end to free end.  Buckling load decreases with increase in angle of fibers and is maximum at 0 
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degree. This is due to the fact that for 0 degree orientation the buckling plane normal to the fibers 

is of maximum stiffness and for other orientations stiffness is less hence buckling load is less. 

Table-4.16 Buckling loads for different crack locations for a composite cracked beam for 

angle of fiber = 0, 30, 60 and 90 degrees 

Relative 

Cracked 

depth 

(a/H) 

Angle of 

fibers 

(degree) 

Crack position 

x = 0.1L x = 0.2L x = 0.4L x = 0.6L x = 0.8L 

0.2  

0 

4.7154 4.7649 4.8753 4.9241 4.9640 

0.4 4.0126 4.1812 4.4494 4.6547 4.8769 

0.6 3.1330 3.2406 3.5529 3.9873 4.3844 

 

0.2  

30 

1.1461 1.2740 1.4347 1.5828 1.6142 

0.4 0.4037 0.5562 0.7016 1.0428 1.3763 

0.6 0.2961 0.4376 0.6292 0.8714 1.1906 

 

0.2  

60 

0.3507 0.3591 0.3733 0.3816 0.3871 

0.4 0.2159 0.2479 0.2743 0.3193 0.3539 

0.6 0.1687 0.2100 0.2343 0.2741 0.3243 

 

0.2  

90 

0.1892 0.1909 0.1957 0.1976 0.1994 

0.4 0.1369 0.1452 0.1565 0.1718 0.1849 

0.6 0.1101 0.1178 0.1321 0.1484 0.1709 
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Figure 4.24   Critical buckling load vs. relative crack depth for different crack location 

when angle of fiber = 0 degree 

 

Figure 4.25 Critical buckling load vs. crack location for different relative crack depth when 

angle of fiber = 0 degree 
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Figure 4.26    Critical buckling load vs. relative crack depth for different crack location 

when angle of fiber = 90 degree 

 

 

Figure 4.27   Critical buckling load vs. crack location for different relative crack depth 

when angle of fiber = 90 degree 
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CHAPTER-5                                            CONCLUSION 

 

5.1 Conclusion  

The following conclusions can be made from the present investigations of the composite beam 

finite element having transverse non-propagating one-edge open crack. This element is versatile 

and can be used for static and dynamic analysis of a composite or isotropic beam.  

1) From the present investigations it can be concluded that the natural frequencies of 

vibration of a cracked composite beam is not only the functions of the crack locations and 

crack depths but also the functions of the angle of fibers and the volume fraction of the 

fibers. The presence of a transverse crack reduces the natural frequencies of the 

composite beam.  

2) The rate of decrease in the natural frequency of the cracked composite beam increases as 

the crack position approaches the fixed end.  

3) The intensity of the reduction in the frequency increases with the increase in the crack 

depth ratio. This reduction in natural frequency along with the mode shapes of vibrations 

can be used to detect the crack location and its depth.  

4) When, the angle of fibers (α) increase the values of the natural frequencies also increase. 

The most difference in frequency occurs when the angle of fiber (α) is 0 degree. This is 

due to the fact that the flexibility of the composite beam due to crack is a function of the 

angle between the crack and the reinforcing fibers.  

5) The effect of cracks is more pronounced near the fixed end than at far free end. It is 

concluded that the first, second and third natural frequencies are most affected when the 
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cracks located at the near of the fixed end, the middle of the beam and the free end, 

respectively. 

6) The decrease of the non-dimensional natural frequencies depends on the volume fraction 

of the fibers. The non-dimensional natural frequency is maximum when the volume 

fraction of fiber is approximately 45%.  This is due to the fact that the flexibility of a 

composite beam due to crack is a function of the volume fraction of the fibers.  

7) Buckling load of a cracked composite beam decrease with increase of crack depth for 

crack at any particular location due to reduction of stiffness.  

8) When, angle of fibers increase the values of the buckling loads decrease. This is due to 

the fact that for 0 degree orientation of fibers, the buckling plane normal to the fibers is of 

maximum stiffness and for other orientations stiffness is less hence buckling load is less. 

 

5.2 Scope of future work    

1. The vibration and stability results obtained using this formulation can be verified by    

conducting experiments.  

2. The dynamic stability of the composite beam with cracks 

3. Static and dynamic stability of reinforced concrete beam with cracks.  

4. The dynamic stability of beam by introducing slant cracks (inclined cracks) in place of 

transverse crack.   
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APPENDIX - A 

 

  

Thus, 

                                                                         

                                                                               
 

                                                         

The terms ij corresponding with the materials principal axes x1, y1 are determined by the 

following formulae: 

 

 

 

                                                                                                                                                  

whereas the gross mechanical properties of the composite, E11, E22, G12,  and ρ are calculated 

by using the following formulae (the subscript f denotes fibre, the subscript m denotes matrix 

and E, G, υ and ρ are the modulus of elasticity, the modulus of rigidity, the Poisson ratio and the 

mass density respectively.           
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