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1. ABSTRACT:
It is highly desirable to understand the fluid flow and the heat transfer
characteristics of buoyancy-induced micropump and microheat exchanger in
microfluidic and thermal systems. In this study, we analytically investigate the
fully developed natural convection in an open-ended vertical parallel-plate
microchannel with asymmetric wall temperature distributions. Both of the
velocity slip and the temperature jump conditions are considered because they
have countereffects both on the volume flow rate and the heat transfer rate.
Results reveal that in most of the natural convection situations, the volume flow
rate at microscale is higher than that at macroscale, while the heat transfer rate is
lower. It is, therefore, concluded that the temperature jump condition induced by
the effects of rarefaction and fluid-wall interaction plays an important role in
slip-flow natural convection. Certain assumptions made during the analysis
neglecting the entrance region heat and mass exchange are also validated.
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2. INTRODUCTION
Convective heat transfer is a mechanism of heat transfer occurring because of bulk
motion (observable movement) of fluids. As convection is dependent on the bulk
movement of a fluid it can only occur in liquids, gases and multiphase mixtures.
Convective heat transfer is split into two categories: natural (or free) convection and
forced (or advective) convection, also known as heat advection.

Natural convection is a mechanism, or type of heat transport in which the fluid motion
is not generated by any external source (like a pump, fan, suction device, etc.) but only
by density differences in the fluid occurring due to temperature gradients. In natural
convection, fluid surrounding a heat source receives heat, becomes less dense and rises.
The surrounding, cooler fluid then moves to replace it. This cooler fluid is then heated
and the process continues, forming a convection current; this process transfers heat
energy from the bottom of the convection cell to top. The driving force for natural
convection is buoyancy, a result of differences in fluid density. Because of this, the
presence of a proper acceleration such as arises from resistance to gravity, or an
equivalent force (arising from acceleration, centrifugal force or Coriolis force), is
essential for natural convection.

Mathematically, the tendency of a particular system towards natural convection relies
on the Grashof number (Gr), which is a ratio of buoyancy force and viscous force.

The relative magnitudes of the Grashof and Reynolds number determine which form of
convection dominates, if
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forced convection may be neglected, whereas if

natural convection may be neglected. If the ratio is approximately one both forced and
natural convection need to be taken into account.

Microelectromechanical systems (MEMS) based devices find their applications in a
wide variety of emerging technologies, ranging from the microactuators, microsensors,
microreactors to the microchannel heat sinks and the thermo-mechanical data storage
systems, to name a few. Design and optimization of many of these microdevices involve
the analysis of gas flows through microfluidic conduits, thereby emphasizing the need for
reliable and efficient mathematical models to address the issues of coupled flow physics
and heat transfer over the reduced length scales. Microfluidic systems typically have
characteristic lengths of the order of 1–100 µm.
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The primary challenges associated with the computational analysis of microscale
gaseous flows originate from the fact that the flow physics tend to get changed
altogether, as one reduces the length scales from the macro domain to the micro
domain. The classical continuum hypothesis ceases to work as the distance traversed
by molecules between successive collisions (i.e., the mean free path, k)becomes
comparable with the characteristic length scale of the system (D)over which
characteristic changes in the transport phenomena are expected to occur. The ratio of
these two quantities, known as the Knudsen number (Kn = k/D), is an indicator of the
degree of rarefaction of the system, which determines the extent of deviation from a
possible continuum behaviour (see Fig. 1). For
0< Kn < 0.01,
the flow domain can be treated as a continuum, in which the Navier Stokes equation in
conjunction with the no-slip wall boundary conditions become applicable. On the other
extreme, when
Kn > 10,
the flow becomes free molecular in nature, because of negligible molecular collisions.
The range of
0.01< Kn < 0.1
is known as the slip flow regime, over which the no slip boundary condition becomes
invalid, although continuum conserva-tion equations can still be used to characterize
the bulk flow. However, over the Kn range of 0.1–1 (the so called transitional
regime), the continuum hypothesis progressively ceases to work altogether, thereby
necessitating a shift of paradigm from the continuum-based modeling to particlebased modeling. Although this classification is based on empirical information and
the strict demarcating limits between the different flow regimes may depend on the
specific problem geometry [1–3], it essentially offers with a qualitative criterion
based on which appropriate mathematical models can be chosen for the thermo-fluid
analysis, consistent with the underlying physical picture. In this context, it is also
important to re-iterate that in micro-scale gas flows, thermodynamic equilibrium may
not prevail at the fluid–solid interface.
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Accordingly, a finite velocity slip and temperature jump may need to be accounted
for at the fluid–solid interface [1–6]. Depending on the degree of rarefaction of
gaseous flows in micro-scale geometries, appropriate physics needs to be
incorporated in the mathematical model to accommodate these effects. It has been
well established by various researchers [2], [3] and [7] that the traditional Navier
Stokes equations, coupled with velocity slip and temperature jump conditions at the
fluid–solid interface, can simulate gaseous flows in micro-scales to a high degree of
accuracy in the slip flow regimes. For transition and free molecular flow regimes,
however, particle based methods such as the Direct Simulation Monte Carlo
(DSMC) need to be adopted [1].

Fig. 1. Gas flow regimes based on Knudsen number.
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3.LITERATURE REVIEW

Although a vast body of literature exits on the forced convection gas flows in microsystems, only a few studies have been reported so far on natural convection in vertical
microchannels.

A classi-fication of different flow regimes based on Kn (as shown in fig.1) is given in
Schaaf & Chambre [1]. Here, we concern ourselves with a rarefied gas considered near
the continuum region in the range 10-2 < Kn < 10-1 , the so-called slip flow. Using the
Navier–Stokes equations, Arkilic et al. [2] and Liu et al. [3] found that the theoretical
results for some microflows would fit the experimental data as the slip-flow condition
induced by rarefaction effect is considered.
More recently, Larrode et al. [4] and Yu and Ameel [5] considered the temperature
jump condition and found that the effect of fluid-wall interaction is also important.
Natural convection of an enclosed fluid has received considerable attention in recent
years due to its wide applications in engineering problems. Earlier work on this problem
in isothermal parallel-plate channels was experimentally reported by Elenbaas [6].
Further investigations have been carried out for different thermal boundary conditions.
An excellent review was given in the book Gebhart et al. [7]. It should be noted that
Aung [8] has studied the macroscale problem. All of the previous investigations were
conducted at macroscale. A study on natural convection flow in microscale systems
should be studied extensively.
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4.A brief introduction to CFD:
Computational fluid dynamics (CFD) is one of the branches of mechanics that uses
numerical methods and algorithms to solve and analyze problems that involve fluid
flows and heat transfer. Computers are used to perform the millions of calculations
required to simulate the interaction of liquids and gases with surfaces defined by
boundary conditions. Even with high-speed supercomputers only approximate solutions
can be achieved in many cases.
The fundamental basis of any CFD problem are the Navier-Stokes equations, which
define any single-phase fluid flow. These equations can be simplified by removing terms
describing viscosity to yield the discretised algebraic equations.
Any governing differential equation is broken down into simple algebraic equations
which can then be solved iteratively using computers. The 3 basic method of
discretisation are:
i)

Finite difference method (FDM)

ii)

Finite volume method (FVM)

iii)

Finite element method (FEM)
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i) Finite
F
Diffference Method
M
(F
FDM):
Finite-differen
nce method
ds are num
merical meth
hods for ap
pproximatinng the solu
utions to
diffferential equ
uations usin
ng finite diffference equaations to ap
pproximate dderivatives.

Finiite-differencce methods approximatte the solutiions to diffeerential equuations by reeplacing
deriivative exppressions with
w
approx
ximately eq
quivalent difference
d
qquotients. That
T
is,
becaause the firsst derivativee of a functiion f is, by definition,

then
n a reasonab
ble approxim
mation for that
t derivatiive would be
b to take

for some small value of h.
h In fact, this
t
is the forward diffference equuation for the
t first
deriivative. Ussing this and
a
similarr formulae to replacce derivativve expressions in
diffferential equ
uations, onee can approx
ximate theirr solutions without
w
the nneed for callculus.
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ii) Finite Volume Method:

The finite volume method is a method for representing and evaluating partial differential
equations as algebraic equations [LeVeque, 2002; Toro, 1999]. Similar to the finite
difference method, values are calculated at discrete places on a meshed geometry. "Finite
volume" refers to the small volume surrounding each node point on a mesh. In the finite
volume method, volume integrals in a partial differential equation that contain a
divergence term are converted to surface integrals, using the divergence theorem. These
terms are then evaluated as fluxes at the surfaces of each finite volume. Because the flux
entering a given volume is identical to that leaving the adjacent volume, these methods
are conservative. Another advantage of the finite volume method is that it is easily
formulated to allow for unstructured meshes.
Control volume

The workspace is divided into control volumes and discretisation is done by integrating
over the control volume.

14 | P a g e

iii) Finite Element Method:
The finite element method (FEM) (sometimes referred to as finite element analysis) is
a numerical technique for finding approximate solutions of partial differential equations
(PDE) as well as of integral equations. The solution approach is based either on
eliminating the differential equation completely (steady state problems), or rendering the
PDE into an approximating system of ordinary differential equations, which are then
numerically integrated using standard techniques such as Euler's method, Runge-Kutta,
etc.
In solving partial differential equations, the primary challenge is to create an equation
that approximates the equation to be studied, but is numerically stable, meaning that
errors in the input data and intermediate calculations do not accumulate and cause the
resulting output to be meaningless. There are many ways of doing this, all with
advantages and disadvantages. The Finite Element Method is a good choice for solving
partial differential equations over complex domains (like cars and oil pipelines), when the
domain changes (as during a solid state reaction with a moving boundary), when the
desired precision varies over the entire domain, or when the solution lacks smoothness.
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5.PROBLEM FORMULATION
The problem was formulated in 2 parts. In the first part analysis was done for hydro
dynamically fully developed condition. In the second part of problem formulation a
more general approach was adopted to analyse the conditions in the entrance region
of the microchannel.

a) Hydro dynamically fully developed analysis:

Fig. 2 Geometric sketch and parameters of natural convection
in the microchannel
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A vertical parallel-plate microchannel of a width b, whose temperatures of the hotter and
cooler plates are T1 and T2, respectively was considered. Both ends of the channel are open to
the ambient of density ρ0 as shown in Fig. 2. Let x and y denote the usual rectangular
coordinates, and let u and v denote the components of velocity field. Here constant physical
properties are considered, internal heat generations are neglected, and the effect of
compressibility for this typically low-speed microflow is negligible
[9]. Under the usual Boussinesq approximation, the boundary layer equations described by
continuity equation, momentum equation, and energy equation for two-dimensional steady
flow with gravitational acceleration g are [10].

Continuity:

X-Momentum:
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Energy:

where is the thermal expansion coefficient, is the dynamic viscosity, c is the specific
heat, k is the thermal conductivity, p is the pressure defect, T is the temperature, and T0
is the free stream temperature. Now we assume that the hydrodynamically fully
developed condition:

i)

∂u/∂x=0,

ii)

v=0, and

iii)

∂p /∂x=0

can be achieved after the fluid reaches the position y= l* . The dimensionless governing
equations are
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Where,

A solution of Eq. (4) in the form U(Y) is only possible if Ɵ is a function of Y position
only, i.e., ∂Ɵ/∂X=0. It implies that the assumption of a hydrodynamically fully
developed natural convection necessarily means that the natural convection is also
thermally fully developed. Moreover, Br is known as the Brinkman number and is a
characteristic dimensionless parameter for viscous dissipation. For rarefied gaseous
micronatural convection (typically low-speed flow and low-Prandtl-number fluid),
viscous dissipation term is negligible relative to the d2

/dY2 term. The modified

dimensionless energy equation then becomes,

The boundary conditions which describe velocity slip and temperature jump conditions at
the fluid-wall interface are [11][12][13],
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Where,

Here γs is the ratio of specific heats, Pr is the Prandtl number, Fv and Ft are the
tangential momentum and thermal accommodation coefficients, respectively, and range
from near 0 to 1,

is the molecular mean free path, Kn is the Knudsen number, In is

the fluid-wall interaction parameter, and ξ is the wall-ambient temperature difference
ratio. Referring to the values of Fv and Ft given in Eckert and Drake [11] and Goniak
and Duffa [13], the value of βv is near unity, and the value of βt ranges from near 1 to
more than 100 for actual wall surface conditions and is near 1.667 for many engineering
applications, corresponding to Fv=1, Ft=1,

s=1.4,

and Pr=0.7(βv=1,

βt=1.667).

Eq.(4) and eq.(7) are the governing equations and are numerically modelled using
Computational Fluid Dynamics (CFD) approach.
The equations were discretised using Finite Difference Method.
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Eq. (7):
(∂2Ɵ/∂Y2) = (Ɵ(i+1) + Ɵ(i-1) – 2*Ɵ(i)) / (δY)2 = 0

Ɵ (i) = (Ɵ(i+1) + Ɵ(i-1))/2
Similarly Eq. (4)
(∂2U/∂Y2) = (U(i+1) + U(i-1) – 2*U(i)) / (δY)2 = - Ɵ

U(i) = U(i+1) + U(i-1) + Ɵ (i) * (δY)2

These 2 discretised equations are solved iteratively using Gauss Siedel method. Since the
analysis turns out to be one dimensional the channel width is divided into 100
subdivisions. Boundary conditions as given by Eq. (8) and Eq. (9) are incorporated at the
walls. A tolerance limit of 10-5 is adopted. A grid independence test is carried out and it is
found that after a grid size of 30 the results hardly differ.
Following results were obtained which were then validated with those results obtained by
Chen & Wang. The results were seen to almost coincide with all of those obtained by
Chen and Wang.
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Following are the results obtained for different conditions:
i) In = 1.667
a) ξ=-1, βvKn=0

b) ξ=-1, βvKn=0.05
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c) ξ=-1, βvKn=0.1

e) ξ=0, βvKn=0.05
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f) ξ=0, βvKn=0.1

g) ξ=1, βvKn=0, 0.05, 0.1
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Ɵ vs Y
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Fig.A
This is the overall graph of the above conditions where the highlighted points represent
the actual values as per Chen and Wang.
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ii)βvKn=0.05
a) ξ=-1, In=0

b) ξ=-1, In=5
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c) ξ=-1, In=10

d) ξ=0, In=0
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e) ξ=0, In=5

f) ξ=0, In=10
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g) ξ=1, In=0,5,10

Now the cumulative graph for constant βvKn is drawn with varying In. the highlighted
points denote the points from those obtained by Chen and Wang.
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Fig.B
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The results for velocities are as shown below:
Constant In=1.667 and βvKn varies as 0,0.05,1 as ξ varies as -1,0,1.

Result obtained from Matlab 7.0

Fig.C
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Constant βvKn=0.05 and In varies as 0,5,10 and ξ varies as -1,0,1.

Fig.D
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Results validated. The highlighted points represent results from Chen and Wang.
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The nusselt no. as well as the volume flow rate were plotted and validated with that
provided by Chen and Wang.
M vs βvKn

Fig.E
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Nu vs βvKn

Fig.F

Results and conclusions drawn:
The present parametric study has been performed over the reasonable ranges 0
0.1 and 0

In

βvKn

10. The product βvKn represents a measure of the departure from

the continuum regime, while In represents a property of the fluid-wall interaction. The
select reference values of βvKn and In for the analysis are 0.05 and 1.667, respectively. In
Figs. 2,3,4, we check the results with those for the case βvKn=0 obtained by Aung [8] and
with those for a physically impossible case In=0(Ft=2). Note that the solutions (10),(11)
for βvKn=0 can reduce to
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Figure A & B shows that, except for the case of symmetric heating (ξ=1), the increase in
βvKn or in In leads to large temperature jump and small temperature variation with Y. All
of the effects increase with the decrease of the wall-ambient temperature difference ratio.
In Fig. 3, it is found that the increase in βvKn leads to the increase in |U|. The parameter In
also influences the flow excluding the case ξ=1. For ξ=0 and –1, the effect of fluid-wall
interaction is to horizontally shift the velocity profile to the cooler-wall side and to reduce
the fluid velocity, respectively. It is worth noting that as ξincreases, the slip induced by
the rarefaction effect increases, but the slip induced by fluid-wall interaction effect
decreases.
From Fig. E, it is found that the volume flow rate M is a monotone increasing function of
βvKn excluding the case ξ=–1. Furthermore, such rarefaction effect increases with the
increase of the value ofξ. It should be noted that as shown in Fig. 3(b), the value of
appears to keep a constant for an assigned value of In. The parameter In,
therefore, exerts no influence on the volume flow rate M. We may recall that the
physically impossible case In=0 only provides the comparative base for the effect of
fluid-wall interaction. From Fig.F, we may, therefore, conclude that, except for the case
ξ=1, the heat transfer rate obviously decreases with the increases of the values of βvKn
and In. Moreover, the effects increase with the decrease of the wall-ambient temperature
difference ratio.
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b) Developing layer Analysis:
Now a general natural convection is considered which is analysed without the assumption
of hydrodynamically or thermally fully developed. This analysis is done to determine the
length of the region after which the flow becomes hydrodynamically fully developed. In
reality, it is expected that the influences of the developing region are likely to alter the
free convection heat transfer characteristics in a vertical microchannel to a significant
extent. The underling implications might appear to be somewhat intuitive in nature, but
are by no means obvious, primarily because of an interesting and non-trivial interplay
between the boundary layer growth in the developing region and the micro-scale effects
manifested through wall slippage and temperature jump conditions at the gas-solid
interface. The situation gets further complicated by the fact that the thermo-physical
properties tend to change significantly with changes in temperature, and cannot be taken
as constants for the sake of obtaining closed-form solutions of the associated
mathematical problem, at the cost of the practical reliability of the model predictions. To
the best of our knowledge, these issues are yet to be comprehensively addressed in the
context of free convective heat transfer in vertical microchannels.

Mathematical Remodelling:
A vertical parallel plate microchannel, along with the coordinate system adopted to
analyze the flow and heat transfer characteristics of the same, is depicted. The height (H)
of the channel is considered to be much larger as compared to its width (D), so as to
obtain a fully developed flow in the downstream of the channel. The flow is considered to
be two-dimensional. The temperature of the walls of the channel is considered to be
uniform at Tw, which is higher than the free stream temperature, T∞. Accordingly, an
upward buoyancy induced flow is generated in the channel. Both ends of the channel are
open to the ambient with a temperature of T∞. The effects of compressibility are
neglected in the typical low-speed micro-flows addressed in this study, and only the
laminar regimes of flow are considered.
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Fig.X Geometry of vertical channel and coordinate system with associated velocity
components.
The governing equations of mass, momentum and energy conservation for steady,
laminar and incompressible flow with temperature dependent thermo-physical properties
[9], appropriate to the analysis of the physical problem described as above, can be written
as follows:
Continuity:

∂(ρu)
∂(ρv)
+
= 0
∂x
∂y

Eq.(17)

X-momentum:

∂
∂
∂ p ∂ ⎛ ∂u ⎞ ∂ ⎛ ∂u ⎞
⎜μ
⎟
+ ⎜μ
( ρuu ) +
( ρvu ) = −
⎟+
∂x
∂y
∂x ∂x ⎝ ∂x ⎠ ∂y ⎜⎝ ∂y ⎟⎠

Eq.(18)
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Y-momentum:

∂p ∂ ⎛ ∂v ⎞ ∂ ⎛ ∂v ⎞
∂
∂
( ρuv ) + ( ρvv ) = −
+ ⎜ μ ⎟ + ⎜ μ ⎟ + Sv
∂y ∂x ⎝ ∂x ⎠ ∂y ⎜⎝ ∂y ⎟⎠
∂y
∂x

Eq.(19)

Sv= ρ g β (T- T∞)
Energy:

+k

Eq.(20)

The boundary conditions employed for the solution of Eq.(17),(18),(19),(20) are as
follows:
Inlet
u=0, v=vavg , T = T∞

Outlet

= 0,

0,

0
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Walls: (Slip flow)
u=0, vs=

TS=TW +

KnD

w

KnD

w

Looking at the momentum equations, Eq. (18) and Eq. (19) we realize that these can not
be discretised and solved as per other partial differential equations. Hence a coupling
method knows famously as SIMPLE (Semi Implicit Method for Pressure Linked
Equations) algorithm is adopted.
Simple Algoritm in brief:
y

Problem occurs:
• The convective terms of the momentum equation contain non-linear quantities.
• All three equations are coupled. The most complex issue to resolve is the role
played by the pressure.
• If the correct pressure field is applied in the momentum equations, the resulting
velocity field should satisfy continuity.
• Both the problems associated with the non-linearities in the equation set and the
pressure-velocity linkage can be resolved by adopting an iterative solution strategy
such as the SIMPLE algorithm of Patankar and Spalding (1972).

1. Staggered grid
y The finite volume method starts with the discretisation of the flow domain and of the
relevant transport equations.
y Assuming a highly irregular “checker-board” pressure field:

Fig. A Pressure checker board arrangement
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•

It seems logical to define the velocities at the same locations as the scalar variables
such as pressure, temperature etc. If the velocities and pressures are both defined
at the nodes of an ordinary control volume, a highly non-uniform pressure field
can act like a uniform field in the discritised momentum equations.
• If the linear interpolation is used:
¾ The pressure gradient in the u-momentum equation:
⎛ p E + p P ⎞ ⎛ p P + pW ⎞
⎟
⎜
⎟−⎜
∂p pe − p w ⎝
2
2
⎠
⎝
⎠ = p E − pW
=
=
∂x
δx
δx
2δx
¾ The pressure gradient in the v-momentum equation:
∂p p N − p S
=
∂y
2δy
¾ Substituting the appropriate values, we find that all the discretised gradients are
zero at all the nodal points.
¾ This behaviour is obviously non-physical.
• A “staggered grid” for the velocity components (Harlow and Welch, 1965) is
used:
¾ Scalar variables, such as pressure, density, temperature etc., are evaluated at
ordinary nodal points.
¾ Velocity components and other vector quantities are calculated on staggered
grids centred around the cell faces:

Fig A staggered grid arrengement
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A new system of notation is introduced based on a numbering of grid lines and
cell faces. The control volumes for u and v are different from the scalar control
volumes.
¾ The pressure gradient terms are given by:
∂p p E − pW
=
δxu
∂x
and
∂p p N − p S
=
δy v
∂y
where δxu is the width of the u-control volume and δyv is the width of the vcontrol volume.
¾ The staggering of the velocity avoids the unrealistic behaviour of the discretised
momentum equation for spatially oscillating pressure and generates velocities at
exactly the locations where they are required for the scalar transport (i.e. no
interpolation is needed).
¾

2. The momentum equations
y If the pressure field is known, the discretisation of velocity equations and the
subsequent solution procedure is similar to that of a scalar equation.
9 Scalar nodes, located at the intersection of two grid lines, are identified by two
capital letters: e.g. point P is denoted by (I, J).

Fig. A u-control volume showing adjacent velocity components.

41 | P a g e

y

The u-velocities are stored at the e- and w-cell faces of a scalar control volume: e.g.
the w-face of the cell around point P is identified by (i, J) and the s-face is given by
(I, j).
¾ Expressed in the new co-ordinate system, the discretised u-momentum equation
for the velocity at location (i, J) is:
p − p I −1, J
ai , J ui , J = ∑ anb u nb − I , J
ΔVu + S ΔVu
δxu
or
ai , J ui , J = ∑ anb u nb + ( p I −1, J − p I , J )Ai , J + bi , J
where ΔVu is the volume of the u-cell, bi , J = S ΔVu is the momentum source term,
Ai,J is the cell face area of the u-control volume.
¾ In the new numbering system, the E, W, N and S neighbours involved in the
summation ∑ anb u nb are (i-1,J), (i+1,J), (i,J+1) and (i,J-1).
¾ The values of coefficients ai,J and anb may be calculated with any of the
differencing methods (upwind, hybrid, QUICK) suitable for convection-diffusion
problems.
¾ The values of F and D for each of the faces of the u-control volume:
⎤
+ ρ I −2, J ⎞
F + Fi −1, J 1 ⎡⎛ ρ I , J + ρ I −1, J ⎞
⎛ρ
⎟⎟ui , J + ⎜⎜ I −1, J
⎟⎟ui −1, J ⎥
= ⎢⎜⎜
Fw = (ρu )w = i , J
2
2 ⎣⎝
2
2
⎠
⎝
⎠
⎦

+ ρ I ,J ⎞
⎛ρ
1 ⎡⎛ ρ
⎟⎟ui +1, J + ⎜⎜ I , J
= ⎢⎜⎜ I +1, J
2 ⎣⎝
2
⎠
⎝
⎛ρ
1 ⎡⎛ ρ + ρ I , J −1 ⎞
⎟⎟v I , j + ⎜⎜ I −1, J
= ⎢⎜⎜ I , J
2 ⎣⎝
2
⎠
⎝

Fe = (ρu )e =

Fi +1, J + Fi , J

Fs = (ρv )s =

FI , j + FI −1, j

Fn = (ρv )n =

FI , j +1 + FI −1, j +1

Dw =

De =
Ds =
Dn =

2
2

ΓI −1, J

2

+ ρ I ,J
1 ⎡⎛ ρ
= ⎢⎜⎜ I , J +1
2 ⎣⎝
2

+ ρ I −1, J ⎞ ⎤
⎟⎟ui , J ⎥
2
⎠ ⎦

⎤
+ ρ I −1, J −1 ⎞
⎟⎟v I −1, j ⎥
2
⎠
⎦
⎤
+ ρ I −1, J ⎞
⎞
⎛ρ
⎟⎟vI , j +1 + ⎜⎜ I −1, J +1
⎟⎟v I −1, j +1 ⎥
2
⎠
⎝
⎠
⎦

xi − xi −1
ΓI , J

xi +1 − xi
ΓI −1, J + ΓI , J + ΓI −1, J −1 + ΓI , J −1
4( y J − y J −1 )
ΓI −1, J +1 + ΓI , J +1 + ΓI −1, J + ΓI , J

4( y J +1 − y J )
¾ Scalar variables or velocity components are not available at a u-control volume
cell face.
¾ A suitable two- or four-point average is formed over the nearest points where
values are available.
y Similarly, the v-momentum equation:
a I , j v I , j = ∑ anb vnb + ( p I , J −1 − p I , J )AI , j + bI , j
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Fig. A v-control volume showing adjacent velocities
¾ The values of F and D for each of the faces of the v-control volume:
⎤
+ ρ I , J −1 ⎞
F + Fi , J −1 1 ⎡⎛ ρ I , J + ρ I −1, J ⎞
⎛ρ
⎟⎟ui , J + ⎜⎜ I −1, J −1
⎟⎟ui , J −1 ⎥
= ⎢⎜⎜
Fw = (ρu )w = i , J
2
2 ⎣⎝
2
2
⎠
⎝
⎠
⎦

⎤
+ ρ I ,J ⎞
+ ρ I +1, J −1 ⎞
⎛ρ
1 ⎡⎛ ρ
⎟⎟ui +1, J + ⎜⎜ I , J −1
⎟⎟ui +1, J −1 ⎥
= ⎢⎜⎜ I +1, J
2
2 ⎣⎝
2
2
⎠
⎝
⎠
⎦
FI , j −1 + FI , j 1 ⎡⎛ ρ I , J −1 + ρ I , J −2 ⎞
⎛ ρ + ρ I , J −1 ⎞ ⎤
⎟⎟v I , j −1 + ⎜⎜ I , J
⎟⎟v I , j ⎥
= ⎢⎜⎜
Fs = (ρv )s =
2
2 ⎣⎝
2
2
⎠
⎝
⎠ ⎦
FI , j + FI , j +1 1 ⎡⎛ ρ I , J + ρ I , J −1 ⎞
⎤
+ ρ I ,J ⎞
⎛ρ
⎟⎟v I , j + ⎜⎜ I , J +1
⎟⎟v I , j +1 ⎥
= ⎢⎜⎜
Fn = (ρv )n =
2
2 ⎣⎝
2
2
⎠
⎝
⎠
⎦
ΓI −1, J −1 + ΓI , J −1 + ΓI −1, J + ΓI , J
Dw =
4( x I − x I −1 )
Γ
+ ΓI +1, J −1 + ΓI , J + ΓI +1, J
De = I , J −1
4( x I +1 − x I )
ΓI , J −1
Ds =
y j − y j −1
ΓI , J
Dn =
y j +1 − y j
Fe = (ρu )e =

y
y

Fi +1, J + Fi +1, J −1

During each iteration level, the values of F are computed using the u- and v-velocity
components resulting form the previous iteration.
Given a pressure field p, discretised momentum equations can be written for each u43 | P a g e

and v-control volume and then solved to obtain the velocity fields. If the pressure
field is correct, the resulting velocity field will satisfy continuity.
3. The Semi-Implicit Method for Pressure-Linked Equation (SIMPLE) algorithm
y The algorithm was originally put forward by Patankar and Spalding (1972) and is
essentially a guess-and-correct procedure for the calculation of pressure on the
staggered grid.
y Algorithm:
¾ To initiate the SIMPLE calculation process a pressure field p* is guessed.
¾ Discretised momentum equations are solved using the guessed pressure field to
yield velocity components u* and v*:
ai , J u *i , J = ∑ anb u * nb + p * I −1, J − p * I , J Ai , J + bi , J

(
+ (p

)
)A

*
*
a I , j v * I , j = ∑ anb v * nb
I , J −1 − p I , J
I , j + bI , j
¾ Define the correction p' and the correct pressure field p:
p = p * + p'
¾ Define the velocity corrections and the correct velocities:
u = u * +u '
v = v * +v'
¾ Solve pressure correction equation to obtain the pressure correction.
a I , J p ' I , J = a I +1, J p ' I +1, J + a I −1, J p ' I −1, J + a I , J +1 p ' I , J +1 + a I , J −1 p' I , J −1 +b' I , J
with
a I , J = a I +1, J + a I −1, J + a I , J +1 + a I , J −1

aI+1,J
aI-1,J
aI,J+1
aI,J-1
(ρdA)i+1,J (ρdA)i,J (ρdA)I,j+1 (ρdA)I,j

b'I,J
( ρu * A) i , J − ( ρu * A) i +1, J + ( ρv * A) I , j − ( ρv * A) I , j +1

¾ The pressure correction equation is susceptible to divergence unless some underrelaxation is used during the iterative process:
new
p = p * +α p p'

where αp is the pressure under-relaxation factor.
¾ The iteratively improved velocity components unew and vnew are:
u new = α u u + (1 − α u )u ( n −1)
v new = α v v + (1 − α v )v ( n −1)
where αu and αv are the u- and v-velocity under-relaxation factors with values
between 0 and 1; u and v are the corrected velocity components without relaxation
and u(n-1) and v(n-1) are their values obtained in the previous iteration.
¾ Process till convergence.

It may be expressed in the form of a flowchart as shown below.
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Fig. SIMPLE Algorithm.
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Same algorithm is followed and here the Temperature (T) is the φ from the flowchart. A
(40*5000) grid is considered. An under relaxation factor of 0.2 is used. Tolerance limit is
kept at 10-5.

Results and conclusions:
The general analysis is found to validate the hydrodynamically developed flow analysis
after a certain entrance length. The ‘v’ (fig.X) velocity is found to remain constant with
height of the channel after certain length. The horizontal velocity factor ‘u’ (fig.X) along
the channrl width vanishes after certain length.
The Temperature T is found to remain constant with height after the entrance length. To
validate the result a curve was plotted for the velocity ‘v’ vs the channel width after the
entrance length and it was compared with that obtained above for hydrodynamically fully
developed flow.
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6. Conclusions:
An analytical study on the slip-flow natural convection in a parallel-plate microchannel
with uniform but not necessarily symmetric wall temperature distributions has been
made. Results of present study show that the effects of rarefaction and fluid-wall
interaction are important and should be considered for micronatural convective flow and
heat transfer problems. Such effects may result in the increase of the volume flow rate and
the decrease of the heat transfer rate. As the wall-ambient temperature difference ratio
decreases, the effects on the volume flow decreases and those on the heat transfer rate
increase. The present analytical studies help the understanding of fluid transport and heat
transfer behavior in microchannels and benefit the design of micropumps and microheat
exchangers.

From the general analysis we concluded that flow ina microchannel does get
hydrodynamically as well thermally fully developed after a certain entrance length. Thou
the flow and properties in the entrance length can not be neglected, for rarefied gaseous
micronatural convection (typically low-speed flow and low Prandtl- number fluid) such
assumptions can be considered valid.
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7. Scope for future research:

¾ Further analysis may be carried out using modern day advanced CFD software to

exactly determine the entrance length after which the flow in a microchannel
can be considered as hydodynamically as well as thermally fully developed.

¾ Analysis may be done to determine the exact speed and the value of Prandtl
number below which such assumptions become valid.

¾ Different conditions such as isothermally maintained walls or insulated walls may

be explored and the results compared to determine the optimum heat dissipation
method.
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8. Nomenclature:
b = channel width

Br = Brinkman number, µU /k(T1–T0)
c, cv = specific heats at constant pressure and constant volume, respectively
Ft, Fv = thermal and tangential momentum accommodation coefficients, respectively
g = gravitational acceleration
In = fluid-wall interaction parameter,

t/

v

k = thermal conductivity

Kn = Knudsen number,

/b

l= channel length
*

= entrance length (Fig. )

m = volume flow rate
M = dimensionless volume flow rate, Eq. (13)

Nu = dimensionless heat transfer rate (Nusselt number), Eq. (13)
p = pressure

= pressure defect, p–ph
ph = hydrostatic pressure

Pr = Prandtl number, µc/k
q = heat transfer rate

Ra = Rayleigh number, ρ0cUcb/k
T = temperature
u,v = velocity components in x,y directions
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U = dimensionless velocity component in x direction, Eq. (6)
Uc = characteristic velocity, Eq. (6)
x,y = rectangular coordinate system
X,Y = dimensionless rectangular coordinate system, Eq. (6)

β= thermal expansion coefficient
βt, β v = dimensionless variables, Eq. (9)

s

= ratio of specific heats, c/cv

= molecular mean free path
µ = dynamic viscosity

Ɵ = dimensionless temperature, Eq. (6)
ξ= wall-ambient temperature difference ratio, Eq. (9)
µ = density
1 = hotter-wall values
2 = cooler-wall values
0 = inlet properties of the fluid
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