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ABSTRACT 

 

Control charts are mainly used for the sole purpose of detecting any 

assignable cause which may affect the process stability. They are used for 

monitoring and controlling manufacturing processes. In the present project a 

synthetic control chart which is based on the non-central chi-square statistic 

was analyzed and the ARL values for the chart were found out with the help 

of a MATLAB program. The values of the ARL for the varying mean shifts 

and process variances were thus obtained.  
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CHAPTER 1 

INTRODUCTION 

 

Control charts are graphical tools which are used for monitoring the activity of an ongoing 

process. Control chart is sometimes referred to as Shewart control charts, because 

Walter.A.Shewart first proposed their general theory. The value of a quality characteristic which 

is first plotted on the vertical axis and the horizontal axis represents the samples or subgroups (in 

order of time), from which the quality characteristic is found. Samples of a certain size (say 4 or 

5 observations) are selected, and the quality characteristic (say average length) is calculated 

based on the number of observations in the sample. These characteristics are then plotted in the 

order in which the samples were taken. 

 There are different examples of quality characteristic which include average length, average 

diameter average tensile strength, average resistance and average service time. These 

characteristics are variables and numerical values can be obtained for each. The term attribute 

applies to such quality characteristics as the proportion of non-conforming items, the number of 

non-conformities in a unit, and the number of demerits per unit. 

The control chart is the tool used to find variation in a process and determine whether a process 

is “normal” or “unusual”. It associates actual variation in a production process with recognized 

variation limits based on the antique arithmetical performance of the process. Control charts 

specify when to regulate the process, when to leave it alone, and when to close it down. 

And the decision whether to use them should be a financial one. If the control limits are outside 

the desired limits it may be difficult to control the process. Most processes tend to produce 

output that is concentrated around a performance value. Otherwise most of the value of a 
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characteristic tends to group around a performance value, whatever it may be, and only a few 

away from it. 

 This can be represented on the basis of the bell shaped curve which is known as normal 

distribution .Control charts are understood based on the probabilities of the normal distribution. 

Control charts inform us whether the probability of producing a product using a given process is 

following a particular normal distribution. If not, the operator must alter the process. Hence, a 

control chart estimates changes in a process for normal distribution around a target (typical 

value) and control limits (acceptable variation from the target). When the variation is more than 

the probability of producing a product at a target value (0.27 percent or less), the cause of this 

variation appears to be identified, or is considered to be “assignable.” 

 When the variation is in such a way that the probability of producing product at a target value is 

more than 0.27 %, the cause of the variation becomes difficult to regulate and is considered 

“random.” In many cases control charts are produced at the request of a customer. This can 

boomerang. Another company may find the charts unsuccessful because they were not used 

properly. And employees will quickly tire of pursuing worthless data. Ideally, control charts 

should be used when it is monetary to control a process. (Thus, a control chart, properly used, 

can always become an economic tool.)Control charts must be used when a process has been 

properly branded in terms of its statistical variation.  

All the assignable causes must be mitigated before using a control chart to monitor a process. 

The charts are established with assignable causes present in the process. If assignable causes are 

present, the process should be shut down regularly, and the chart will become a annoyance to 

management and ignored by operators. Hence control charts should be recognized when the 

process is under statistical control, that is, when only random causes are present.  

There should not be problem should exist that could cause variation beyond the control limits. 

Control charts are divided into two categories: “variable” and “attribute.” The type of chart is 

used is based on the type of data collected.  

Example of variable data may include time, height, thickness, temperature, pressure, current, 

voltage, and power. 
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 Variable-data charts can be used for processes which are complex and continuous in nature, 

whereas attribute-data charts are used to control the processes that are mechanical and less 

complex, such as assembly processes.  

01.1 ELEMENTS OF A CONTROL CHART 

     A control chart consists of: 

    A central line  

    An upper control limit  

   A lower control limit  

    Process values plotted on the graph 

 

Fig 1: Control limits of the x bar control chart 

 

 

Fig 2: The assignable cause 
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01.2 DESIGNING A CONTROL CHART  

All the process values are plotted on the chart. If it falls within the control limits it is said to be in 

in control and if the values fall outside the limits it is said to out of control.  

01.3 TYPES OF CONTROL CHARTS  

There are various types of control charts  

01.3.1 Variables Chart  

When the control chart is constructed by collecting data periodically and plotting it versus time 

such a chart is called variable chart.  

If more than one data value is collected at the same time, statistics such as the mean, range, 

median, or standard deviation are plotted. Control limits are added to the plot to signal unusually 

large deviations from the center line, and run rules are employed to detect other unusual patterns. 

01.3.2 X-bar and Range charts 

These charts are used for variable data which is continuous as well as quantitative in 

measurement likely measured dimension or time. The X-bar charts monitor the process location 

over time which is based on a series of observations called a subgroup. The range chart is used 

for monitoring variations between observations in the subgroup over a period of time. 

01.3.3 Attribute chart  

Attribute charts normally focus on a more general idea which arises from a pass or fail testing. 

The charts are normally used for plotting the rates or proportions. 

When the sample size varies the control limits are dependent on the size of the samples that  are 

taken into consideration. 

Attribute charts are specifically designed for attribute data in a very general sense. It monitors 

the process location and the variation over time with the usage of a single chart. 

The attribute chart family includes: 
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 np chart: It is used for monitoring the number of times a condition occurs, and the 

relative with respect to a constant sample size in such a way that each of the sample size 

has this condition or which do not have this condition. 

 C chart :This type of chart basically is used  for monitoring the number of  times a  

condition occurs with respect to a  constant sample size when each of the sample can 

have more than one instance of the condition. The C chart is based on the Poisson 

distribution. 

 P chart: It is used for monitoring the percentage of the samples having the condition 

relative to either a fixed or varying sample size when each sample can have this condition 

or not. It is based on a binomial distribution. 

 U chart: Monitoring the percentage of samples having the condition relative to a fixed or 

varying sample size when each of the samples can have more than one instance of the 

condition.  

01.3.4 CUSUM Charts  

A Cumulative sum chart uses all the information from all the prior samples by displaying the 

cumulative sum of the deviation of the sample values from a specified target value.Cumulative 

sum charts can model the proportion of non-conforming items, the number of non-conformities, 

the sample range, the sample standard deviation or the process means. 

01.3.5 Time Weighted Charts 

When the data is collected for one sample at a time and when it is plotted on an individual’s 

chart, the control limits which we use are pretty large and this causes the chart to have a very 

poor capacity in detecting the out of control situations .Such a problem can be tackled by plotting 

a weighted average or the cumulative sum of the data and not just the recent observation. The 

ARL (average run length) that is calculated is usually less than that of the simple X chart. 
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01.3.6 Moving Average Charts 

A moving average chart is that which is very effective in detecting shifts of small magnitude in 

the process mean. It can also be used for situations where the sample size is 1, or when the 

product characteristics are measured automatically or when the time to produce a unit is long.  

01.3.7 Geometric Moving Average Charts 

In order to detect a trend there is a need for us to weigh successive samples in order to form a 

moving average chart. This idea is a more generalized and easier way to say it. So instead of an 

arithmetic moving average we can compute a geometric moving average.  

01.3.8 Regression Control Chart 

This type of chart is used in circumstances that involve tool wear or die wear is expected to 

gradually increase or decrease. The center line of rather being horizontal will be sloping upwards 

or downwards. The allowable initial and final values of the process mean will be determined by 

the specification limits. 

01.3.9 Synthetic Control Chart 

A synthetic control chart is particularly based on the statistic T which is used for monitoring the 

mean as well as the variance. It is used in a process which normally combines the specified usage 

of a regular Shewart chart and the usage of a conforming run length chart. The control chart 

based on this statistic is a very good performance compared to other charts and in here the speed 

with which the causes are detected is pretty fast. Here we consider the shift in the process mean 

as well as an increase of the variability of the process or both cases where there is a mean shift as 

well as an increase in the variance of the process. The conforming run length chart is also an 

efficient method for detecting various assignable causes. 
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CHAPTER 2 

LITERATURE REVIEW 

 

02.1 General Purpose of a Control Chart 

In most of the industries involving production planning, maintenance and quality control are the 

most basic parameters and they are interrelated as well. The main purpose of production 

planning is the determination of an optimal method which is used to reduce the production cost, 

the holding host, the setup cost and to guarantee that no stock outs occur during the production 

cycle. In most of the production processes what we do is monitoring the limit to which our 

products meet the specifications. 

02.2 General Approach 

The most common approach in order to monitor the quality online is a very transparent one .It 

simply extracts samples of a certain size from the running production process. Then line charts 

have been produced to check the variability in such samples and to consider the closeness of 

those target specifications. There has been a trend that emerges in those lines, or in such a way 

that if the samples are such that they fall outside the control limits we declare the process to be 

particularly out of control and the necessary actions have been taken to find the cause of such a 

problem  

Synthetic control charts have been especially having interests in various fields related to the 

aspect of quality control. Particularly active surveys have been done by (Wu and Speeding 2000; 

Wu and Yeo 2001; Wu et al. 2001) Lot of practitioners prefers waiting till there is an occurrence 

of a second point beyond the control limits. Hence look for an assignable cause. Control charts 
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have been specifically used in order to detect particular assignable causes that have been 

affecting the process stability.  

There has always been a general policy to use the X chart if there is the purpose of a detecting 

the mean shifts and the R chart has been specifically used for the purpose when the causes result 

in an increase in the process variability. These cases are particularly common when the size of 

the sample is small (if we are considering sample size in the range of 2, 3, 4, 5, and 6) .There 

have been comprehensive studies on the combination usage of the X chart and the R chart. These 

have been extensively studied for the monitoring of processes that might be subjected to various 

types of assignable causes that shifts the mean and increases the variability (Jones and Case 

1981; Saniga 1989; Costa 1993; Rahim 1989) 

However the problem associated with these charts was that none of them were able to effectively 

detect the assignable causes that has been causing problem in the process. When in practice the 

most important consideration should be the speed of detection in the case of a control chart. 

Hence a more effective method was proposed in order to monitor the mean and the variance 

simultaneously. 

The omnibus EMWA chart was proposed by Domangue and Patch (1991) which can be used for 

detection in the location and spread. Some of the most recent idea was proposed by Chen et 

al.2004 which has been using the idea of a single statistic to control the mean and the variance. 

 This statistic has been defined in a different way than the sample variance S
2
 and it is defined  

T*=∑(Xi-µo)
2 

/n
2 

 and in order to improve the ability of the chart in detecting the assignable 

cause Costa  and Rahim (2004) proposed a statistic  T =∑[Xi-µo +ξσo ]
2
 .In this case the target 

value of the process is considered to be of the process variance where σo
2
 is the variance. 

The control chart which is constructed on the statistic that has been defined as T is therefore very 

effective in detecting not only the mean shift but also the increase in the process variability. 

The synthetic control chart that has been proposed by Wu and Speeding (2000) combines  a 

regular Shewart chart with that of a Conforming Run Length chart. 

The conforming run length chart was developed by Bourke (1991) for the purpose of attribute 

quality control.  
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02.3 Objective 

The performance analysis of a synthetic control chart which utilizes the new statistic is to be 

used in this process. The ARL values shall be calculated for the chart with the help of a 

MATLAB program. 
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CHAPTER 3 

Synthetic Control Chart  

 

A synthetic control chart has been used to monitor the quality characteristic which is of primary 

interest .In this case let us consider that to be X. 

We consider this to be normally distributed and it has a mean µ it has a standard deviation σ .It is 

such that way that the in control value of the mean is µ0 and the in control value of the standard 

deviation is given by σ0.The main of this chart is to monitor the process that is involved and the 

detection of any assignable causes that cause the shifting of the mean from µ0 to µ1 and similarly 

detect for assignable causes that shift the standard deviation from σ0 to σ1. 

The mean shift µ1= µ0+-δσ0 such that δ≠0 and also the standard deviation varies in such a way 

that σ1=ɣσ0 where ɣ≠1. Now if there is a shift in the σ there is a need for the detection of 

increases in σ, and this is because of the reason that an increase in σ decreases the quality of the 

product. 

Let us assume products are produced in an industry in such a way that xij( where i=1,2,3,4,5…; 

j=1,2,3….n) are the measurements of the variable X which are arranged in the groups of size 

such a way that n>1  and the indexing group number is taken to be i. 

Now  i= (Xi1+Xi2+Xi3+………Xin)/n is the ith sample mean .We also have here ei=  i-µ0  is the 

difference between the ith sample mean and the target value of the process mean  

We now define a particular value: 

ξi={d if d ≥ 0 or  ………………………………….(1) 
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   -d if d ≤ 0 

Now we define the statistic as (Costa and Rahim,2004) 

Ti=∑   
    Xij-µo +ξi σo )

2
 ,i=1,2…    ………………….(2) 

In this case d is a positive constant .When d is taken as 0 we have Ti/(ɣσ0)
2
 can be distributed as a 

non-central chi-square distribution which is having n degrees of freedom and there is as well as a 

non-centrality parameter λ=nδ
2
/ɣ

2
……………………….. (Costa and Rahim, 2004)  

The use of this non central parameter has been used to control the process mean and variance. 

The usage of the synthetic control chart has been based on the decision whether a sample is 

conforming or non- conforming and it is based on the conforming run length. 

 The CRL can be defined as the number of samples taken from the process until the occurrence 

of a non-conforming sample that is a sample linked to a point beyond the control limits. (Costa 

and Rahim, 2004). In order to determine the CRL it has been referred to the previous sample. If 

there is an absence of a previous sample the reference is the beginning of the surveillance. So we 

can say that for every point that is plotted that is beyond the control limits CRL is determined. 

When the value of the CRL ≤ Where L is a specified positive integer, the process can thus 

concluded to be out of control and hence a signal is thus generated for the process. 

In the synthetic chart that we have considered the value of the upper control limit is taken to be 

kσ0
2
 where k can be considered to be the value that is taken for the protection against false 

alarms. 

We now have an equation for the probability of obtaining such a non -conforming sample   

In a synthetic control chart  

 Ps=Pr [Ti>kσ0
2
]    
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A control charts effectiveness can be found out by the calculation of the average run length .The 

average run length, may be said to be the expected number of samples drawn out when the 

process is out of control and the chart gives a signal. A synthetic control chart resembles a runs 

rules chart which has a head start feature .The most important issue is the chart performance in 

the steady state. The steady state ARL is used to measure the speed with which the control chart 

gives signals. If we consider this case it measures the effects of the head start that have faded 

away the steady state ARL has been calculated with the help of the Markov Chain Model. 

This is one of the most general procedures that have been used in order to determine the values 

of the Average Run Length. This can be applied to the synthetic control chart which is based on 

the chi-square Statistic. 
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CHAPTER 4 

MARKOV CHAIN MODEL 

 

The Markov chain model requires a lot of understanding of the variety of skills which are 

required in order to understand the probability theory surrounding it. 

With the introduction of discrete time and discrete space the stationary transition probabilities of 

the models have been discussed. 

04.1 General Policies  

The models which have been used in this course are mainly consisting of finite state space 

Markov chains. Generally, the subject matters that need to be taught in need of necessity to be 

rather simple and brief. 

Techniques which have been used recursively for the generation of such a model with the 

difference in the equations are on the rise. A Markov chain is a random process evolving in time 

in accordance with the transition probabilities of the Markov chain. Students have to be made 

aware of the time element in a Markov chain. Some pictorial representations or diagrams may be 

helpful to students. Only two visual displays will be discussed in this paper. These visual 

displays are sample path diagram and transition graph. A sample path diagram is similar to a tree 

diagram that is usually taught in an 

Introductory probability course. In this diagram, starting from an initial state all the possible 

Sample paths of the Markov chain are drawn for a small value of the time parameter, n. 

Usually n is taken to be four or five. 

  



14 
 

 

 

 

CHAPTER 5 

DESIGN OF THE SYNTHETIC CHART 

 

The parameters of the control chart that constitute the synthetic chart are the upper control limit 

and the lower limit L. It can be implemented as follows  

1. The sample value of the quality characteristic is taken  

2. The statistic has been calculated 

Ti=∑   
    Xij-µo +ξi σo )

2
 ,i=1,2… 

3. If the value of the statistic calculated is more than the value of UCL .i.e  

if Ti>UCL the process is considered  to be out of control 

4. Now the value of the CRL is determined where the CRL is the number of non-

conforming samples between the current and the last non-conforming samples plus one.  

If the value of the CRL ≥L the process is still considered to be in control and go back to 

step 1. Otherwise if the CRL>L then go to the next step 

5. The process will be stopped for further investigation. 
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CHAPTER 6 

Calculation of the ARL of the Synthetic Chart 

 

The zero state ARL of the synthetic control chart is calculated on the basis of the process. 

In this the process shift is assumed to take place either from the beginning or immediately after a 

non-conforming sample. 

The probability that a synthetic control chart produces an out of control signal is given by  

Q (δ) =Prob [(this sample is non-conforming) AND (CRL between the last sample and the non-

conforming sample<L. 

p (δ).P(δ).                                    

Where p (δ) =prob (a sample is non-conforming) 

         =Prob (T>UCL) 

         =1-Φ (
             

  
 )   

P (δ) =Prob( a CRL between 2 non-conforming samples<L) 

   = (1-(1-p (δ))
 L-1  

Where Φ ( ) is the cumulative probability function of the standard normal distribution. And the 

CRL is assumed to follow a geometric distribution. Since the synthetic chart is a Shewhart chart, 

the zero-state ARL zero for a given mean shift δ is calculated by (Wu and Spedding 2000. 

ARLzero (δ) =
 

    
=
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By usage of the above two equations we get    

ARLzero (δ) =
 

                   
. 

The in control average run length ARL0 is equal to ARLzero (0). 
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CHAPTER 7 

ANALYSIS OF THE SYNTHETIC CHART 

 

Now we consider random 100 samples each of sample size 5 and with the mean of the sample to 

be taken as 3.148 and the standard deviation to be taken as 0.1238 

Now the analysis is done on these samples and the observations of each of the sample is given in 

the tables below .The randomly generated sample using matlab are given below. 

Using matlab 100 samples each of size 5 has been generated .Such a distribution is given below: 
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 Table 1: MATLAB GENERATION OF 100 

SAMPLES OF SIZE 5  

 

 

 

Using these samples the statistic T was calculated and the value for the statistic was determined  

Now the control limits were respectively calculated and the chart was simulated using matlab for 

various shifts .The respective mean and the standard deviation was also calculated using this 

procedure.  
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CHAPTER 8 

MATLAB PROGRAM FOR THE ANALYSIS 

 

The Matlab Program for the generation of the statistic is given as follows: 

% function SYN=synthetic (sigma)   

  clc; 

  clear all; 

  mu=3.1438; 

  sigma=0.1238; 

  n=5; m=100; 

  d=0.7; 

  for runs=1:100 

    x=normrnd (mu,sigma,m,n); 

    x_mean=mean(x,2); 

    e (m)=0; 

    for i=1: m 

      if x_mean (i)>mu 

        e (i) =d; 

      else 

        e (i) =-d; 

      end; 

    end; 

    z (m)=0; 

    t=z; 

    for kp=1: m 

      for p=1:n 

        t(kp)=t(kp)+(x(kp,p)-mu+e(kp)*sigma)^2; 

      end; 

    end; 

Matlab Program for the calculation of the mean shift  

% ******************for new mean process--------*********** 

    shift=0:0.25:1.5; 

    len_sh=length(shift); 

    for i=1:len_sh 
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      mu_new(i)=mu+shift(i)*sigma; 

    end; 

    e_new(m,len_sh)=0; 

    for k=1:len_sh 

      for i=1:m 

        if x_mean(i)>mu_new(k) 

          e_new(i,k)=d; 

        else 

          e_new(i,k)=-d; 

         end; 

    end; 

    end; 

  

    t_new(runs,m,len_sh)=0; 

    for i=1:len_sh 

      for k=1:m 

        for p=1:n 

          t_new(runs,k,i)=t_new(runs,k,i)+(x(k,p)-mu_new(i)+e_new(k)*sigma)^2; 

        end; 

      end; 

    end; 

 

 

Matlab Program for calculating the ARL  

      ucl=k*sigma^2; 

      i=1; 

      while t(i)<ucl 

        i=i+1; 

      end; 

    %   value_before_RL(runs)=t(i-1); 

    %   value_at_RL(runs)=t(i); 

      RL(runs)=i;     %**************RUN Length**********% 

       for pp=1:len_sh 

        pk=1; 

        while t_new(runs,pk,pp)<ucl 

          pk=pk+1; 
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        end; 

         new_run(runs,pp)=pk; 

      end; 

  %   end; 

  end; 

  RL_avg=mean(RL) 

  new_run_avg=mean(new_run) 

% return 

  



23 
 

 

 

 

CHAPTER 9 

OBSERVATIONS 

  

 δ(Mean shift) ARL(k=10.020) 

L=1 

ARL(k=15.432) 

L=5 

ARL(k=17.928) 

L=10 

ARL(18.123) 

L=20 

0 25.96 25.96 25.96 25.96 

0.25 17.82 16.61 12.22 13.41 

0.5 9.92 7.52 5.97 5.91 

0.75 6.46 4.46 3.31 3.46 

1.0 5.32 3.04 2.02 2.08 

1.25 3.93 2.04 1.91 1.90 

1.5 2.51 2.04 1.91 1.71 

   Table 2: For calculation of ARL Values when ɣ=1 and d=0.7  

δ(Mean shift) ARL(k=10.020) 

L=1 

ARL(k=15.432) 

L=5 

ARL(k=17.928) 

L=10 

ARL(k=18.123) 

L=20 

0 14.61 14.61 14.61 14.61 

0.25 11.23 10.98 9.43 8.26 

0.5 5.46 4.32 3.39 2.96 

0.75 3.91 2.82 1.94 1.94 

1.0 2.51 2.21 1.51 1.21 

1.25 1.58 1.56 1.45 1.10 

1.5 1.25 1.20 1.32 0.95 

Table 3: For calculation of ARL values when ɣ=1 and d=0 
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δ(Mean shift) ARL(d=0.0) 

k=13.596 

ARL(d=0.5) 

k=18.503 

ARL(d=0.7) 

k=21.416 

ARL(d=1.0) 

k=26.704 

0 11.46 13.04 13.97 15.64 

0.25 10.23 10.45 11.00 11.86 

0.5 7.43 6.52 6.57 6.75 

0.75 4.92 3.94 3.87 3.84 

1.0 3.21 2.65 2.54 2.47 

1.25 2.44 1.84 1.85 1.75 

1.5 1.63 1.47 1.45 1.42 

Table 4:For calculation of ARL when L=10 and ɣ=1.3  

 

09.1 Results and Discussion 

In this project work for samples that have been generated the ARL values were calculated based 

upon different conditions like using mean shifts and changing the standard deviation using 

MATLAB. 

From the above analysis we have found out that the steady state ARL values decrease as the 

value of L increases .We also found out that as L increases up to 20 the chart’s speed in detecting 

the isolated process mean shifts has been decreased if the shift is moderate or large(δ>0.5) 
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CHAPTER 10 

CONCLUSION 

 

By using such an analysis of a synthetic control chart and from the observations and the results 

we got from the tables we can say that the Statistic T with the values of d>0 is much more 

effective in detecting mean shifts or process variances as the ARL decreases much more rapidly 

than the regular X chart and R chart. 
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