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ABSTRACT

In most traditional engineering applications, such as in the thermal analysis of boilers,
furnaces, internal combustion engines, etc., as temporal variations in thermal
quantities of interest are much slower than the time scale associated with the
propagation of radiation, the transient term from the radiative transfer equation is
usually neglected. The rapid progress in the field of short pulse laser in a participating
medium has lead to some interesting applications such as materials processing, optical
tomography, remote sensing, laser micro-surgery etc. The temporal radiative signals
from a medium irradiated by short pulse lasers offer more useful information which
reflects the internal structure and properties of the medium than that by the continuous
light sources. The time scales of such applications are usually in the order of 10-12 to
10-15 seconds. Therefore, the consideration of the transient term in the radiation
transport equation is necessary. To understand the physical phenomena involved in
this complicated transport process, two cases are considered such as 1) one
dimensional model and 2) a two dimensional model. The models assume a
participating medium bounded by diffusely emitting and reflecting boundaries, one of
the boundaries is irradiated with a short pulse laser beam. The gray wall assumption
resembles more to the practical application as compared to the simplified assumption
of black wall. Due to reflective characteristics of the gray boundary surface, the
temporal spread changes significantly by the multiple reflections and partial
transmissions at the surfaces, this draws attention to the present problem considered.
The finite volume method is applied to solve the transient radiative transfer equation
governing the above said physical phenomena. The fully implicit scheme is used to
ii

discretize the transient term. In the proposed approach, one does not have to split the
intensity into diffused and collimated part unlike the case with other existing methods
like DTM, DOM, and REM etc. Intensity of radiation can directly be evaluated by
solving the governing transient radiative transfer equation. The proposed
methodology is compared with other existing methods. The effects of optical
thickness, scattering albedo, emissivity, and linear anisotropic scattering on the
transmitted and reflected signals are studied. The performance of two different spatial
schemes: STEP and CLAM also have been tested. It is seen that the CLAM scheme
yields results to a greater accuracy in case of two dimensional problems and, hence,
correctly predicts the speed of photon whereas STEP scheme overpredicts the same.
Key words:
Transient radiative transfer, Short pulse laser, Finite volume method, STEP and
CLAM.
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Chapter 1

Introduction

1.1. Back ground
Radiative heat transfer is an important mode in high-temperature systems. Thermal
radiation is important in many engineering applications and its analysis is difficult in the
presence of a participating medium because of absorption, emission and scattering.
Thermal radiation being electromagnetic waves, propagates at the speed of light. In most
traditional engineering applications, such as in the thermal analysis of boilers, furnaces,
internal combustion engines etc., as temporal variations in thermal quantities of interest
are much slower than the time scale associated with the propagation of thermal radiation,
the transient term from the radiative transfer equation is neglected, i.e. radiation is
assumed to be an instantaneous (steady-state) process.
The main objective of the present thesis is to study the energy transfer by means of
radiation. Therefore, the basic phenomenology of radiative heat transfer has been studied.
However, considering the nature of the equation that describes such energy transfer, this
work is focused on the numerical methods which help taking radiation into account, for
both transparent and participating media. For this purpose, Chapter 1 contains an
introduction to radiative energy transfer, and the basic equations that govern radiative
transfer are discussed. A discussion is also given on when this mode of energy transfer
should be considered. In this chapter all of the magnitudes and concepts used throughout
this work are also defined. It ends with a brief description of some approximate methods
to take radiation into account. Here onwards the radiative energy transfer is referred as
the variation of the energy of any system due to absorption or emission of
electromagnetic waves. From a physical point of view, such electromagnetic waves can
be understood as a group of massless particles that propagate at the speed of light. The
2
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amount of energy carried by each of these particles is inversely proportional to the
wavelength of its associated wave. Radiation heat transfer has been, probably, the last
mode of energy transfer to be widely taken into account by the community of numerical
scientists. The reason is mainly the complicated nature of the radiative transfer equation,
which will be discussed later. This equation determines the intensity radiation field, a
magnitude used to perform radiative energy balances over volumes and surfaces. In its
general form, the radiative transfer equation involves both differentiation and integration,
and therefore a complete solution is available only for a few simplified situations.
Plenty of tests have been performed to the numerical code that resulted from the
elaboration of this thesis. Its results have been compared to other existing numerical
methods, published in several specialized journals, or directly to available analytical
solutions. According to the results obtained, the objectives proposed in this thesis have
been satisfied. It is becoming possible to create and observe thermophysical phenomenon
at increasingly shorter time scales due to the rapid progress in technology. One such
phenomenon of interest is the propagation of light through a participating medium
subjected to different boundary conditions.
The years passed, and the computers got faster and better. Different numerical methods to
solve the radiative transfer equation were formulated. These include the Discrete Transfer
Method, the Discrete Ordinates Method (DOM), and some of its variants, Finite Volume
Methods, the REM2 method, the Galerkin Finite element method, the Lattice Boltzmann
Method (LBM); most recently researchers adapted the DRESOR method. These methods
are all capable of handling radiation in transparent and participating gray media.

3
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There has been an increased interest to create and observe thermophysical phenomenon at
increasingly shorter time scale regime. One such phenomenon of interest, which is the
topic of discussion of this work, is the propagation of light through a participating
medium. In spite of achieving success in generating short pulse lasers, there exists a need
to refine the models to analyze their propagation through scattering absorbing media. The
transient radiative transfer equation is one approach to analyze such phenomenon.
Traditional engineering analysis of transport of thermal radiation, or photons through
scattering media inevitably use the assumptions to simplify the transient term, such as the
time derivative, in the transport analysis, even though radiation propagation vary
significantly with time. This is valid for most of the engineering applications of thermal
radiation because the imposed temporal variations are relatively slow when compared to
those associated with the speed of propagation of radiation. With the creation of short
pulse lasers and their rapid deployment in a variety of engineering applications, the
traditional radiative transfer formulation cannot be used to analyze their propagation
through a participating medium. In such applications the characteristic time of the
problem is comparable to the characteristic length divided by the speed of light. For
example, the speed of light in vacuum is 0.3 millimeter per picoseconds or 0.3
micrometer per femtosecond and therefore corresponding to the duration of a 1
picoseconds pulse the penetration distance is only 0.3 millimeter or for a 100
femtosecond pulse only 30 micrometer. The transient term in the radiative transfer
usually neglected, is of the same order of magnitude as the spatial derivative in such
situations, and must be considered.
Ultra-short pulsed lasers are used in many applications such as micro-machining, removal
4
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of contaminated particles, ablation of polymers, remote sensing of the atmosphere,
combustion chambers and other environments which involve interaction of the laser beam
with scattering and absorbing particles of different sizes. Optical tomography is also an
application of short pulse lasers interacting with scattering absorbing tissues which is of
great scientific and engineering importance. This technology holds promise of providing
the information, both physiological and morphological, about the living tissues and
organs without any adverse side effects such as those associated with the X-rays. The
advantages of the short pulse laser probing techniques over conventional very large pulse
width (or steady state) radiation sources are primarily due to the additional information
conveyed by the temporal variation of the observed signal. When conventional large
pulse width sources are utilized in conjunction with detection at larger time scales
compared to that of short pulse lasers, the information available is the magnitude of the
net attenuation and the angular distribution of the transmitted or reflected signal. When
the source is shut off, the measured signal vanishes virtually instantaneously in relation to
the time scale of measurement. In contrast, for very short pulses the observed signal has a
distinct temporal shape, and the shape is a function of the medium properties.
However, since an exact analytical solution to the highly nonlinear integro-differential
radiative transfer equation (RTE) is nearly impossible to find, an efficient tool to deal
with multi-dimensional radiative heat transfer is in strong demand to analyze various
thermal problems. Numerical computations of radiation based on conventional methods
such as the zonal method, the Monte Carlo method (MCM), etc. prove to be laborious and
very time consuming. For this reason, numerous investigations are currently being carried
out worldwide to assess computationally efficient methods. Treatment of radiative
transport in the multidimensional geometry is difficult mainly because of the three extra
5
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independent variables namely the polar angle, the azimuthal angle and the wavelength.
Since there is no way out to get rid of the physical dimensions of the geometry and the
wavelength of radiation, all numerical models, except the zonal method and the MCM,
deal with different types of discretization schemes to make radiation less and less
dependent on angular dimensions. The various methods differ primarily in the angular
discretization schemes and the use of either the differential form or the integral form of
the radiative transfer equation.

1.2. Radiative Heat Transfer
Radiative energy transfer is referred as the variation of the energy of any system due to
absorption or emission of electromagnetic waves. From a physical point of view, such
electromagnetic waves can be understood as a group of massless particles that propagate
at the speed of light c. Each of these particles carries an amount of energy, inversely
proportional to the wavelength of its associated wave. A single photon represents a plane
wave; therefore we are forced to assume that it propagates along a straight path. Because
of this, we can think of a system loosing energy by emitting a number of photons, or
gaining energy by absorbing them. Each photon has a well-defined polarization state, an
internal degree of freedom, which is important in calculating properties such as the
fraction of incident energy that is reflected by a medium. However, thermal radiation is
not polarized on average, and therefore the polarization of the photons is ignored
hereinafter.
Radiation heat transfer presents a number of unique characteristics. First of all, the
amount of radiative heat transfer does not depend on linear differences of temperature,
6
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but on the difference of the fourth power of the temperature. This fact implies that, at high
temperatures, radiative energy transfer should be taken into account, particularly if large
differences in temperature exist. Furthermore, it is the only one form of energy transfer in
vacuum.
The photon density is defined as the number of photons, with wavelength between λ and λ
+ dλ, crossing an area dA perpendicular to the photon direction ŝ , within a solid angle
dΩ, per unit time dt and per unit wavelength dλ. It is more useful to consider the energy
density I instead of the photon density. The energy density is simply the number of
photons multiplied by the energy of each photon. The energy density is usually named
intensity radiation field, and its physical meaning is therefore
I (r , sˆ, λ ) =

Energy of wavelength λ through an area normal to sˆ
dA dΩ dλ dt

(1.1)

From this definition is clear that, for a fixed point and wavelength, the intensity radiation
field is a function defined over the unit sphere, and therefore is not a conventional scalar
field, such as the temperature. With the definition of the intensity radiation field on mind,
the total energy that crosses a surface perpendicular to a given unit vector n̂ , per unit time
and area, is readily obtained as
∞

q (r , nˆ ) = ∫ d λ ∫ dΩ (nˆ ⋅ sˆ ) I (r , sˆ, λ )
0

(1.2)

4π

where the (nˆ . sˆ ) factor appears since I is defined as energy through the propagation
direction ŝ .

7
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1.3. Surface properties
Each surface will radiate a certain amount of energy due to its temperature. Such emitted
energy, which will depend on the properties of the surface, its temperature, the radiation
wavelength, the direction of emission, leads to the definition of the emissivity of a
surface. As conventional, we can use the black body as a reference to define the surface
properties of real bodies. Therefore, if the surface is at temperature T, the emissivity is
defined as

ε=

I emitted (T , λ , sˆ )
I b (T , λ )

(1.3)

where the temperature, wavelength, and incident direction dependence, have been
dropped for the sake of clarity. As the black body is defined as the perfect radiation
absorber, by the Kirchhoff’s law, there is no body capable of emitting more radiation
energy than a black body for any given temperature. Therefore, the emissivity ε will be
between zero and one. On the other hand, when an electromagnetic wave incidents on a
surface, the interaction between this incident wave and the elements of the surface result
on a fraction of the energy of the wave being reflected, while the remaining fraction will
be absorbed (or transmitted) within the material. These fractions may very well depend on
the incident angle and the wavelength of the original wave. Specifically, we can define

ρ=

I reflected
I incomi ng

;α =

I absorbed
I
; τ = transmitted
I incomi ng
I incomi ng

(1.4)

again, the temperature, wavelength, and incident direction dependence, have been
dropped. The coefficients ρ, α and τ are the reflectivity, absorptivity and transmissivity of
8
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the surface respectively. As the wave is either reflected or absorbed or transmitted, it is
clear that we must have ρ + α + τ = 1 if the energy is to be conserved.

1.4. Radiative Heat Transfer Equations
The equations governing the transport of radiant energy, boundary conditions, scattering
phase function and other related quantities are as follows:
Radiative Transfer Equation (RTE)
The RTE for a gray medium can be written as
1 ∂I (r , sˆ, t ) ∂I (r , sˆ, t )
+
= − k (r ) I (r , sˆ, t ) − σ s (r ) I (r , sˆ, t ) + k (r ) I b
c
∂t
∂s
σ (r )
+ s
I (r , sˆ' , t )Φ (r , sˆ' , sˆ, t )dΩ'
4π 4∫π

(1.5)

where c = ds/dt is the speed with which the radiation intensity propagates.

1 ∂ I ( r , sˆ , t ) ∂ I ( r , sˆ , t )
= − β I ( r , sˆ , t ) + k ( r ) I b
+
∂s
∂t
c
σ (r )
+ s
I ( r , sˆ ' , t ) Φ ( r , sˆ ' , sˆ , t ) d Ω '
4π 4∫π

(1.6)

where the terms on the left hand side represents radiation intensity gradient with respect
to time and space. On the right hand side, the first term indicates the attenuation of
radiation intensity due to absorption in the direction of travel and outscattering from the
direction of travel. The second and third term represent the augmentation part due to
emission from the medium and inscattering from all other directions.
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Boundary condition
The radiation intensity leaving an opaque diffuse surface contains emitted and
reflected energy. This can be written as
I (r , sˆ, t ) = ε (r ) I b (r , t ) +

1 − ε (r )

π

∫ I (r , sˆ′, t ) sˆ′ ⋅ nˆ dΩ′

(1.7)

sˆ′. nˆ 〈 0

The above equation provides the boundary intensity for the RTE.
Scattering phase function
The scattering phase function Φ

in the RTE describes how the radiation energy is

scattered by a participating medium. Scattering can be classified into two categories such
as isotropic and anisotropic scattering. Isotropic scattering indicates energy scattered
equally into all directions whereas anisotropic scattering can be forward and backward
scattering. Scattering phase function satisfy

∫Φ (sˆ′, sˆ)dΩ ′ = 4π

(1.8)

4π

Radiation heat transfer relations
The total incident radiation is defined as

∫

(1.9)

G (r , t ) = I (r , sˆ, t )dΩ

The radiative heat flux in any direction s is defined as

qs =

∫ I (r , nˆ, t )(nˆ ⋅ sˆ)dΩ

(1.10)

2π

where ŝ is the unit vector pointing in the s direction.
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The divergence of the radiative heat flux is
∇.q = k [4π I b ( r , t ) − G ( r , t ) ]

(1.11)

In combined mode of heat transfer as well as in radiation dominated process, the
divergence of radiative heat flux plays a vital role. In the absence of a heat source/sink, a
system is in radiative equilibrium if other modes of heat transfer are negligible. Under
such conditions ∇.q = 0

and the temperature of the medium can be obtained from Eq.

(1.11).

1.5. The Finite-Volume Method
The finite volume method for radiation heat transfer presented in the literature has
formulated the discretization equation by integration over both spatial control volume and
angular control (solid) angle. For the purpose of this discussion, spatial discretization is
deferred and only angular discretization is considered. A typical control (solid) angle is
shown in Fig. 1.1.
Integrating the RTE over a control angle (Fig. 1.1) gives

∫

ΔΩ l

∂I l *
1
∫ΔV Δ∫t ∂t * dt dV dΩ + β
*

∫

ΔΩ l

∂I l *
∫ ∫ dt dV dΩ = ΔΩ∫
ΔV Δt ∂s
*
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∫ ∫ (− β

ΔV Δt *

l
m

I l + S ml ) dt * dV dΩ

(1.12)
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Fig.1.1 The control angle.

The discretization equation is formulated by integrating the RTE over a discrete solid
angle. In the finite volume method, the magnitude of the radiant intensity is assumed to
be uniform over a control angle. Radiation is allowed to travel in all directions within a
solid angle.

1.6. Domain discretization
The numerical method described here is based on the control volume approach.
Discretization equations are formulated by integrating the RTE over control volumes and
control (solid) angles. Control volumes and control angles are subdivisions of the spatial
and angular spaces respectively. The coordinate system is shown in Fig. 1.2. The next
subsections describe these subdivisions.
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Fig.1.2 The coordinate system.
The control volume boundaries (dashed lines) are drawn first. Grid points are then placed
at the geometric centers of the control volumes as represented in Fig. 1.3. Similar to the
spatial discretization, the angular space is discretized by placing control (solid) angle
boundaries throughout the 4π solid angle.

Fig.1.3 The control volume grid.
The simplest angular discretization is to divide the angular space into Nθ × Nφ control
angles with equally spaced Δ θ and Δ φ . The size of these control angles can be adjusted
to capture the physics of the problem at hand. For example, collimated incidence can be
13
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captured by designing a control angle with small Δ θ

and Δ φ .The finite volume

discretization results in a set of algebraic equations with the radiant intensities as the
unknowns. An iterative method is used to solve the resulting set of equations. Within each
iteration, marching order can be employed to efficiently solve the set of equations.

1.7. Spatial differencing schemes
The STEP and CLAM schemes used in the discretization equations in the present work
are presented in this section. Chai et al. (1994) presented a study on spatial differencing
schemes for radiation heat transfer. The study indicates that control volume boundary
intensity should be calculated by tracing a beam to an appropriate “upstream” location
where the intensity is known or can be approximated. A few “more accurate” spatial
differencing schemes are discussed in this section. Most “more accurate” spatial
differencing schemes are formulated as the STEP scheme with additional source or sink
terms. The additional source or sink terms can be negative. This can lead to negative
intensities. Physically, intensity of radiation is an always-positive variable. Therefore,
negative intensity may be physically unrealistic. The discretization equation should not
allow the possibility of negative intensity as a solution. The always-positive variable
treatment of Patankar (1991) can be used to eliminate this possibility.
Higher-order resolution schemes like the CLAM scheme express the dependent variable
(the radiation intensity in the present case) at a cell face “f” as a function of its values at
three neighboring grid nodes, two upstream and one downstream from the cell face.
These are denoted by the subscripts U, C and D as shown in Fig. 1.4, and are referred to
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as upstream, central and downstream grid nodes, respectively. Figure 1.4 represents twodimensional control volumes for the sake of clarity.

N

NE
Y

W=U

P=C f

E=D

X

SW
S

Fig.1.4 Typical control volume for CLAM scheme. The radiation intensity at the east
cell face is computed from its values at upstream (U), central (C) and downstream
(D) grid nodes in High order Resolution schemes.
~

According to this formulation, normalized radiation intensity I and a normalized
coordinate ~x are defined as

( ~xC2 − ~x f ) ~ ( ~x f − ~xC ) ~ 2
~
If = ~ ~
IC + ~ ~
IC
xC ( xC − 1)
xC ( xC − 1)

~

~
~
I f = IC
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for 0 < I C < 1

(1.13)

elsewhere

(1.14)
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1.8. Objectives
With the advancement in technology and computational facilities available, the short
pulse laser has made its way into many diversified field of engineering and bio-medical
applications. A fundamental understanding of thermophysical phenomenon associated
with the ultra short pulse laser transport is crucial for further advancement of the
technology in different applications. The objective of the present work is to study the
unique feature involved during the interaction of short pulse lasers with a participating
medium. This work outlines the formulation of the transient radiative heat transfer
through the participating media and discusses the need for developing methods for
predicting and evaluating transient radiative transfer. The transient radiative transfer
equation has been solved for one-dimensional and two dimensional problems to predict
the transmitted flux and reflective flux of the medium. The time dependent reflection and
transmission can be correlated to the optical properties of the medium. The complete
transient radiative transfer equation is solved using finite volume method taking two
different spatial differencing schemes: STEP and CLAM.
The significance of this research is that it examines the theoretical and numerical
modeling of transient radiation transport of short pulse laser through an anisotropically
scattering participating medium with diffusely reflecting boundaries.
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2.1. One-Dimensional Steady-State Problem
Kim et al. (1991) had applied the S-N discrete ordinates method to analyze radiative heat
transfer in nongray gases. Spectral correlation between the terms in the equation of
transfer was considered for black or nearly nonreflecting walls. Formulations to apply the
S-N method using a narrow-band or the exponential wide-band model were presented.
The computational speed of the gray-band approximation was obtained at the expense of
accuracy in the internal fluxes and radiative source distributions. A new, normalized
variable and space formulation (NVSF) methodology was developed by Darwish and
Moukalled (1994), where spatial parameters were introduced so as to extend the
applicability of the NVF methodology to non-uniformly discretized domains.
Furthermore, the required conditions for accuracy and boundedness of convective
schemes on nonuniform grids were also derived. Computational results show substantial
improvement in accuracy when using the NVSF methodology with third-order highresolution schemes. A thermal and optical one-dimensional numerical analysis of semitransparent single and multilayer thin films on a transparent semi-infinite glass substrate,
irradiated by a laser source, was presented by Bianco et al. (2001), using classical
conductive Fourier hypothesis. Four different typical pulse shapes were compared at the
same energy amount: a rectangular on-off shape, a symmetric triangular shape, a
Gaussian shape, an asymmetric triangular Weibull profile. Altaç (2002) proposed the SKN
(Synthetic Kernel) approximation for solving radiative transfer problems in linearly
anisotropically scattering homogeneous and inhomogeneous participating plane-parallel
medium. The cause of the inaccuracies present in DOM for solving radiation transfer in
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absorbing, emitting, anisotropically scattering hollow cylinders with reflecting boundaries
with spatially varying absorption and scattering coefficients was identified and the correct
solutions obtained using DOM S6 were provided by Altaç (2002). A new explicit matrix
relation for the calculation of the total exchange areas (TEA) in emitting, absorbing and
anisotropically scattering semi-transparent medium bounded by emitting, absorbing and
anisotropically reflecting walls had been established by Goyhénèche and Sacadura
(2002).
A revised discrete ordinates method (RDOM) was developed by Liu et al. (2002) to
overcome the normalized condition problem, in which a renormalizing factor was added
into the numerical quadrature of inscattering term. The RDOM was used to solve the
radiative transfer problem in one-dimensional anisotropically scattering media with
complex phase function. The results show the RDOM can overcome the false scattering
resulted from the numerical quadrature of in-scattering term and largely improve the
accuracy of solution of the radiative transfer equation as compared to the CDOM. Mishra
and Prasad (2002) extended the usage of the collapsed dimension method (CDM) for
solving radiative heat transfer problems in an anisotropically scattering gray planar
medium inside one-dimensional Cartesian enclosure. Modest(2003) discussed various
implementations of the backward Monte Carlo method, allowing efficient Monte Carlo
simulations for problems with arbitrary radiation sources, including small collimated
beams, point sources, etc. in media of arbitrary optical thickness.
The ray tracing technique was used by Tan et al. (2003, 2004) to determine the radiative
equilibrium temperature field as well as the temperature and heat flux fields of coupled
radiation–conduction for two types of sinusoidal refractive index distributions. The
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advantage of the method was that it only needs to disperse spatial position, but not the
solid angle. According to analyzed results of linear and nonlinear scattering, they found
that the ratio of two dimensionless heat fluxes with two different scattering phase
functions was a monotone function of optical thickness. To avoid the complicated
computation of ray trajectories, a finite element formulation was developed by Liu
(2005). A general formulation of the discrete transfer method was provided to analyze
radiative heat transfer problems in a participating medium subjected to collimated
radiation by Sarma et al. (2005). Results were obtained for different angles of incidence
of the collimated radiation. Analysis of radiative heat transfer in a plane-parallel
participating medium subjected to diffuse and/or collimated radiation had been studied by
Singh and Mishra (2007) using three popular methods in radiative heat transfer, viz. the
discrete transfer method (DTM), the discrete ordinate method (DOM) and the finite
volume method (FVM). They concluded that the FVM was computationally the most
efficient. The DRESOR method was formulated by Cheng and Zhou (2007) to study the
radiative heat transfer process in an isotropically scattering layer exposed to collimated
radiation.
Several higher order resolution schemes were applied by Coelho and Aelenei (2008) to
the spatial discretization of a hybrid finite volume/finite element method for the solution
of the RTE in enclosures with a gray medium, and compared with the STEP scheme. The
results revealed an interaction between spatial and angular discretization errors, and show
that the higher order resolution schemes yield improved accuracy over the STEP scheme
if the angular discretization error is small. The ultra spherical-polynomials approximation
or the P(λ)N method was obtained by Yilmazer and Kocar (2008) incorporating all
approximations that employ ultraspherical polynomials into a unified form and was
20

Chapter 2

Literature Review

applied to the radiative transfer problem in plane-parallel, absorbing, emitting, nonisothermal, gray medium with linearly anisotropic scattering. Jiang (2009) proposed a
vector form of generalized exchange area methods (GEAM), which was found to be very
efficient for handling the anisotropic scattering and reflection and also the computational
time was decreased by an order as compared to that for computing isotropic radiation by
conventional EAM.

2.2. One-Dimensional Transient Problem
Hasegawa et al. (1991) had analyzed the slabs contained either (i) two types of scattering
particles in a solution or (ii) one type of particle with pigment added to the solution to
trace the paths of the rays incident using the Monte Carlo method. Temporal analyses of
the transmittance have illustrated that the differences in the optical density among the
slabs having different absorption coefficients with the same scattering coefficient vary
linearly with time. Also, their gradients have been shown to be proportional to the
differences in the absorption coefficients, thus verifying the microscopic Beer-Lambert
law in highly scattering media when temporally resolved measurement was used. The
unsteady heat transfer characteristics in a semi-transparent liquid layer exposed to
diffused and/or the collimated radiation was elucidated theoretically and experimentally
by Itaya et al. (1985). A computational and experimental investigation was reported by
Brewster and Yamda (1995) regarding the feasibility of determining optical properties of
turbid media from picosecond (PS) time-resolved light scattering measurements in
conjunction with diffusion theory predictions, Monte Carlo simulations and other
appropriate optical measurements. The findings were verified using PS time-resolved
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transmission measurements on aqueous latex particle suspensions. It was also found that
the albedo criterion for application of diffusion theory to time-dependent scattering may
be much less restrictive than is usually reported (weak absorption or albedo near one is
not necessary).
The problem of estimating the optical signal for an oceanographic lidar was taken up by
Mitra and Churnside (1999) and used the discrete ordinates method to obtain the timedependent from the one-dimensional transient radiative transfer equation. Here the optical
signal that was available to the receiver was calculated, rather than the receiver output, to
reduce the number of parameters. The effects of albedo of a uniform water column were
investigated. The effects of a school of fish in the water were also investigated for various
school depths, thicknesses and densities. The attenuation of a lidar signal is found to be
greater than the diffuse attenuation coefficient at low albedo and close to it at higher
albedo. The presence of fish in the water was found to have a significant effect on the
signal at low to moderate albedo, but not at higher albedo. Mitra and Kumar (1999)
examined the transport of short light pulses through scattering–absorbing media through
different approximate mathematical models. They predicted that optical signal
characteristics are significantly influenced by the various models considered, such as PN
expansion, two-flux and discrete ordinates. Results of some of the models asymptotically
approach those of direct numerical simulation if the order of approximation is increased.
In this study they emphasized the importance of model selection in analyzing short-pulse
laser applications such as optical tomography and remote sensing and highlight the
parameters, such as wave speed, that must be examined before a model is adopted for
analysis. The integral equation in terms of angle-distance integration was developed by
Wu (2000) for transient radiative transfer in an absorbing and isotropically scattering
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planar medium with pulse irradiation. The exact integral equation was solved by an
adaptation of the quadrature method. Accurate results for the time-resolved hemispherical
reflectivity and transmissivity of the slab were presented. An isotropic scaling
formulation is evaluated for transient radiative transfer in a one-dimensional planar slab
subject to collimated and/or diffuse irradiation by Guo and Kumar (2000). The Monte
Carlo method was used to implement the equivalent scattering and exact simulations of
the transient short-pulse radiation transport through forward and backward anisotropic
scattering planar media. The scaled equivalent isotropic scattering results are compared
with predictions of anisotropic scattering in various problems. They revealed that the
equivalent isotropic scaling law is not appropriate for backward-scattering media in
transient radiative transfer. Even for an optically diffuse medium, the differences in
temporal transmittance and reflectance profiles between predictions of backward
anisotropic scattering and equivalent isotropic scattering were large.
A time-dependent Monte Carlo method is developed for modeling the transient radiative
transfer within absorbing and scattering media by Hsu (2001), Tan and Hsu (2001). The
development was based on a rigorous analysis of the wave propagation process inside the
participating media. The physical significance of their integral formulation was the
consideration of the time-dependent domain of computation, which is different from the
domain disturbed by radiation (i.e., the wave front envelope). The spatial and temporal
incident radiation and radiative flux distributions were presented for different boundary
conditions and for uniform and nonuniform property distribution. They had shown that
the solutions of reflecting boundary condition exhibit distinctive behavior from that of the
non-reflecting boundary. Wong et al. (2002) considered the most versatile MC approach
in solving the RTE in a plane-parallel, absorbing and isotropically scattering medium
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subjected to a collimated light source. The collimated light source was assumed to be an
impulse function impinged instantaneously on the upper boundary of the medium. Timedependent as well as steady-state cases are considered. Three FORTRAN codes were
developed and compared in terms of speed of convergence and statistical accuracy. Wu
and Ou (2002) had applied the modified differential approximation (MDA) and the
modified P1/3 approximation (MP1/3A) as well to transient radiative transfer in a scattering
planar medium exposed to collimated pulse irradiation. Their results show that the
temporal distribution of the transmissivity obtained by the MDA contains a small
protuberance or an abrupt slope change, which decreases with the decrease of the
scattering albedo. They concluded that the results obtained by the MP1/3A were more
accurate than those obtained by the MDA for most of the cases considered, because the
MP1/3A corrects the propagation speed of the transmitted radiation.
In the last few decades, there has been an exponential growth in the research area of
transient radiative transfer associated with the short pulse laser in participating media.
Traditional analysis of radiation transfer usually neglects the transient effect of light
propagation due to the large speed of light compared to the local time and length scales.
With the rapid progress on ultrashort pulse laser, the transient radiative transfer in
absorbing and scattering media has attracted increased attention. The temporal radiative
signals from a medium irradiated by ultra short pulses offer more useful information
which reflects the internal structure and properties of media than that by the continuous
light sources. Chai (2003) presented a finite-volume method to calculate transient
radiative transfer in an one-dimensional slab. The fully implicit scheme was used to
discretize the transient term. The STEP and CLAM spatial differencing schemes were
used in this study. The capabilities of the procedure were then examined using three
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different test problems. In these test problems, one of the walls was subjected to a singlepulse collimated beam and a repeated-pulse collimated beam. The effects of the two
spatial differencing schemes were discussed. Application of the discrete transfer method
was extended to solve transient radiative transport problems with a participating medium.
Rath et al. (2003) considered a one-dimensional gray planar absorbing and anisotropically
scattering medium. The incident boundary of the medium was subjected to pulse-laser
irradiation, while the other boundary was cold. Reverse or backward Monte Carlo (RMC)
was considered by Lu and Hsu (2004) as an alternative approach as against the
conventional (or forward) Monte Carlo method because of the long computational time it
takes for the convergence when solutions are only needed at certain locations and time. It
was shown that as tracking of the bundles that do not reach a particular detector was not
needed, RMC method takes up much less computation time than the conventional MC
method. In the situation where detailed information of radiative transport across the
media is needed the RMC may not be appropriate. RMC algorithm is most suitable for
diagnostic applications where inverse analysis was required, e.g. optical imaging and
remote sensing. The results of non-emitting, absorbing and anisotropically scattering
media subjected to an ultra short light pulse irradiation were compared with the forward
Monte Carlo and discrete ordinates methods results.
Katika and Pilon (2006) presented the modified method of characteristics for simulating
multidimensional transient radiative transfer in emitting, absorbing and scattering media.
The method was based on the method of characteristics that follows photons along their
path lines. The method makes use of a fixed set of points and, unlike the conventional
method of characteristics, it follows the photons backward in space. It was concluded that
the scheme is fast and was able to capture the sharp discontinuities associated with the
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propagation of a radiation front in transient radiation transport. A general formulation of
the governing transient radiative transfer equation applicable to a three-dimensional
Cartesian enclosure has been presented by Mishra et al. (2006). To solve the transient
radiative transfer equation, formulations had been presented for the three commonly used
methods in the study of radiative heat transfer, viz. the discrete transfer method, the
discrete ordinate method and the finite volume method. To show the uniformity in the
formulations in the three methods, the intensity directions and the angular quadrature
schemes for computing the incident radiation and heat flux had been taken the same. The
problem of an absorbing and scattering planar layer irradiated with a square short-pulse
laser having pulse-width of the order of a femtosecond was considered and the effects of
the medium properties such as the extinction coefficient, the scattering albedo and the
anisotropy factor and the laser properties such as the pulse-width and the angle of
incidence on the transmittance and the reflectance signals had been studied for all the
three methods. The discrete ordinate method was found to be computationally the most
efficient method.
An et al. (2007) developed a finite element model, which is based on the discrete
ordinates method and least-squares variational principle, to simulate short-pulse light
radiative transfer in homogeneous and nonhomogeneous media. They concluded that the
reflected signals can imply the break of optical properties profile and their location.
Moreover, the investigation for uniqueness of temporal reflected and transmitted signals
indicate that neither of these two kinds of signals can be solely taken as experimental
measurements to predict the optical properties of medium. They should be measured
simultaneously in the optical imaging application. Guo and Kumar (2007) formulated the
radiation element method to solve transient radiative transfer with light radiation
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propagation effect in participating media with inhomogeneous property. The sensitivity of
the method against element size, ray emission number and time increment size was
examined. The transient effect of radiation propagation is essential in short-pulse laser
radiation transport when the input pulse width is not considerably larger than the system
radiation propagation time. The transient characteristics of radiative transfer were
investigated in the media subject to collimated laser irradiation and/or diffuse irradiation
with temporal Gaussian and/or square profiles. From their study it was revealed that the
inhomogeneous profile of extinction coefficient of the medium affects strongly the
transient radiative flux divergence inside the medium. A discontinuous finite element
method based on the discrete ordinates equation was extended by Liu and Liu (2007) to
solve transient radiative transfer problems in absorbing, emitting and scattering media.
The fully implicit scheme was used to discretize the transient term. By comparison, it was
shown that the discontinuous finite element method is efficient, accurate, stable and can
be used for solving transient radiative transfer problems in participating media. The
continuity at interelement boundaries was relaxed in discontinuous finite element
discretization, which makes the discontinuous finite element method able to predict the
correct propagation speed within medium and accurately capture the sharp drop in the
incident radiation and the radiative heat flux at the penetration front. Okutucu and Yener
(2006), Okutucu and Yener (2007) and Okutucu et al. (2007) demonstrated the Laguerre–
Galerkin method for the solution of radiative transfer in a one-dimensional absorbing and
isotropically scattering medium with short-pulse irradiation on one of its boundaries. The
time-dependent radiative intensity was expanded in a series of Laguerre polynomials with
time as the argument. The transient transmittance and reflectance of the medium were
evaluated for various values of the optical thickness, scattering albedo and pulse duration.
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They concluded that the Laguerre–Galerkin method is not only easier to implement and
more efficient but also yields more accurate results compared to the direct application of
the Galerkin method. An assessment was made of the Galerkin technique as an effective
method of solution for transient radiative transfer problems in participating media.

2.3. Two-Dimensional Steady-State Problem
The integral equation for radiative transfer in a two-dimensional rectangular scattering
medium exposed to diffuse radiation was solved numerically by Crosbie and Schrenker
(1984) removing the singularity. This method yielded accurate results except at very large
optical thicknesses. A method was presented for extending these results to the problem of
a strongly anisotropic scattering phase function which was made up of a spike in the
forward direction superimposed on an isotropic phase function. Radiative heat transfer in
a two dimensional rectangular enclosure with gray medium and internal heat generation
was solved by generating a point allocation technique in which unknown temperature
profiles were expressed as polynomials. Analytical solutions were developed in the
optically thin limit. Both the optical thickness and the enclosure geometry are
demonstrated to have strong effects on the temperature distribution within the medium
(Yuen and Ho, 1985). The differential approximation was extended by Condiff (1987) to
account for anisotropic scattering in invariant three-dimensional form. Radiative heat
transfer in two-dimensional enclosures was studied by Kim and Lee (1988) using the S-N
discrete ordinates method. They concluded that phase function anisotropy plays a
significant role in the radiation heat transfer when the boundary condition is
nonsymmetrical, but it is not important for symmetric environments. Using optical
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interaction coefficients typical of mammalian soft tissues in the red and near infrared
regions of the spectrum, calculations of fluence-depth distributions, effective penetration
depths and diffuse reflectance from two models of radiative transfer, diffusion theory and
Monte Carlo simulation were compared by Flock et al. (1989) for a semi-infinite medium.
The predictions from diffusion theory are shown to be increasingly inaccurate as the
albedo tends to zero and/or the average cosine of scatter tends to unity. Kim and Lee
(1990) found that the isotropic scaling approximation predicted accurately the radiative
flux and the average incident radiation for the isothermal emission problem and for most
diffuse incidence problems. For the collimated incidence problem, the isotropic scaling
solutions were acceptable only for weakly scattering media. For large scattering albedo
the error in the isotropic scaling was appreciable for the diffuse incidence problem and
unacceptably large for the collimated incidence problem. Liu et al. (1992) used the P1approximation method, along with the Eddington phase function approximation, to study
radiative heat transfer in absorbing-emitting-scattering media. It was established that the
asymmetry factor of the scattering phase function plays an important role in radiative
transfer.
Chui et al. (1992) initially shown that the finite volume method can be implemented to
solve three-dimensional radiation problems in cylindrical enclosures. The medium
considered was participating and both isotropic and nonisotropic scattering were
included. For the special case of axisymmetric radiation, a mapping is described that
yields a complete solution by solving the intensity in a single azimuthal direction. The
method was seen to rapidly converge to the solution of the radiation transfer equation as
the spatial and directional grid was refined. Results from the solution of axisymmetric
bench mark problems show that the method was stable, accurate and computationally
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efficient. Chai et al. (1994a and 1994b) presented a finite volume method which can be
used to model transparent, absorbing-emitting and anisotropically scattering media. They
also demonstrated a procedure to capture collimated beam. Wu and Wu (1997) applied
the integral equation method to study radiative transfer in a two-dimensional cylindrical
medium exposed to collimated radiation. To overcome the wiggling behavior of FVM ,
Baek et al. (2000) proposed a combined procedure of the Monte Carlo and finite volume
method (CMCFVM) for solving radiative heat transfer with an isolated boundary heat
source. The CMCFVM was later on extended to two-dimensional irregular geometry by
Byun (2004). The radiative heat transfer in a complex two-dimensional enclosure with
obstacles with participating medium was investigated by Kim et al. (2001) and they
derived the finite-volume method (FVM) for radiation using the unstructured grid system.
A general discretization equation was formulated by introducing the directional weight
and the STEP scheme for spatial differencing. Also it was revealed that the wiggling
behavior occurring in the blocked-off FVM was not produced by the unstructured FVM.
The ray effects of the finite volume method (FVM) or discrete ordinates method (DOM)
were known to show the non-physical oscillations usually observed in the solution of
radiative heat transfer on a boundary. This wiggling behavior was caused by the finite
discretization of the continuous control angle.
Radiative heat transfer in a finite axisymmetrical cylindrical enclosure exposed to
collimated radiation was solved by a novel method by Hsu et al. (1999). Integrated
intensity and radiative heat flux were presented in homogeneous and nonhomogeneous
scattering media exposed to both uniform and Gaussian distributions of normal
collimated incident radiation. The effects of aspect ratio, different incident radiation and
anisotropic scattering phase function as well as nonhomogeneous property distribution
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were discussed. In order to eliminate the ray effect, an adaptive angular quadrature
scheme was described and applied.
The radiation element method by ray emission method, REM2, had been formulated by
Guo and Maruyama (2001) to predict radiative heat transfer in three-dimensional
arbitrary participating media with nongray and anisotropically scattering properties
surrounded by opaque surfaces. As a numerical example, the method was applied to
predict radiative heat transfer in a boiler model with nonisothermal combustion gas and
carbon particles and diffuse surface wall. Elsasser narrow-band model as well as
exponential wide-band model was adopted to consider the spectral character of CO2 and
H2O gases. Sakami et al. (2001) extended the modified discrete ordinates method to
analyze absorbing, emitting and isotropically or anisotropically scattering media within
an enclosure of arbitrary geometry. Results confirmed that the proposed method was a
good general remedy for anomalies caused by the ray effect due to the geometry.
Thomson et al. (2001) developed an adaptive and scalable alternative to the finite element
and finite volume methods to solve the steady multi-dimensional radiative transport
equation.
Effect of scattering on radiative heat transfer in two- dimensional rectangular media was
studied by Jinbo et al. (2003) using the finite-volume method. Furthermore, relative errors
caused by the approximation that linear and nonlinear anisotropic scattering media was
simplified to isotropic scattering media also studied. Joseph et al. (2003) extended a
structured radiative heat transfer code based on the standard discrete ordinates method to
unstructured meshes in order to be coupled with a CFD code. The code had been specially
written for unstructured grids using tetrahedrical cells, by trying to avoid complex
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adaptations that were time consuming. The mesh influence was studied for different
cases. A complete genuinely multidimensional discretization in two-dimensional discrete
ordinates method was formulated by Ismail (2004) to solve radiative heat transfer in a
rectangular enclosure composed of diffusely emitting and reflecting boundaries and
containing homogeneous media that absorbs, emits and scatters radiation.
Radiative integral transfer equations for a rectangular participating and isotropically
scattering inhomogeneous medium are solved numerically for the incident energy and the
net partial heat fluxes using the method of ‘‘subtraction of singularity’’. All the relevant
single (surface integrals) and double integrals (volume integrals) are carried out
analytically by Altaç and Tekkalmaz (2004) to reduce the computation time and
numerical integration errors. The resulting systems of linear equations are solved
iteratively. A benchmark problem was chosen as a rectangular inhomogeneous cold
participating medium which is subject to externally uniform diffuse radiation on the
bottom surface. Solutions for linearly and quadratically varying scattering albedos are
provided. Trivic et al. (2004) developed a new mathematical model based on the coupling
of (i) finite volume method for the solution of radiative transfer equation with (ii) Mie
equations for the evaluation of scattering phase function for radiative heat transfer of
particulate media with anisotropic scattering for two-dimensional rectangular enclosure.
The new model was applied to the solid particles of coal and ash and a series of twodimensional predictions are performed. The effects of particle size parameter and of
scattering albedo on radiative heat flux and on incident radiation were analyzed. It was
found that the model developed is reliable and very accurate and thus suitable for
extension towards: (i) three-dimensional geometries, (ii) mixtures of non-gray gases with
particles as well as for (iii) incorporation in computational fluid dynamics codes.
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An et al. (2005) proposed a finite element method (FEM) for simulation of radiative heat
transfer in absorbing, emitting and anisotropic scattering media. This simulation was
developed on the basis of discrete ordinates method and finite element theory.
Unstructured triangular element grids were employed in spatial discretization while
azimuthal discretization strategy was used in the angular discretization. Two efficient
iterative solvers were employed to solve the sparse equations of FEM. Some typical twodimensional problems are used to verify the method. A two-dimensional scheme using
the finite-volume method was proposed to solve the radiative transfer equation for
axisymmetric radiative transfer by Tian and Chiu (2005).
Kowsary and Mahan (2006) presented an exact analytical method for determination of
emissive as well as absorptive performance of spherical cavities having diffuse-specular
reflective walls. The method presented utilizes a novel coordinate transformation
technique, which provides convenient means for setting up the governing radiant
exchange integral equations. These equations were then solved by the usual iterative
method devised for the Fredholm integral equation of the second kind. The suggested
coordinate transformation was also utilized for determination of directional absorptivity
of a fully specular spherical cavity when collimated radiation enters through its mouth
from a specified direction. Pourshaghaghy et al. (2006) attempted an inverse radiative
design problem in which the objective was to determine the spatial distribution of heat
source strengths which produces a desired temperature and heat flux distribution on the
design surface. The furnace whose walls are diffuse-gray is assumed to be filled with an
absorbing, emitting and scattering medium. Radiative heat flux calculations are
accomplished by means of the modified discrete transfer method (MDTM) using the
correction factors. For inverse design calculations the Conjugate Gradient Method (CGM)
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is employed, in which the sensitivity coefficients were defined and used as needed by the
algorithm.
A blocked-off region procedure was implemented with the collapsed dimension method
(CDM) to deal with radiative transport problems in irregular geometries by Talukdar
(2006). He concluded that, it is an alternative than to write an algorithm in curvilinear
coordinate for irregular geometries which found to be complicated for a ray-tracing
method like the CDM. Mishra et al. (2006) proposed the MCDM, where the time
consuming procedures of ray tracing and source term evaluation are not required, as a
result of which the method becomes computationally efficient. For the same level of
accuracy, MCDM has been found faster than the CDM and the DOM.
Hassanzadeh and Raithby (2008) had applied the finite-volume method to the secondorder radiative transfer equation, to study its accuracy and solution cost for two simple
two-dimensional problems. The second-order equation leads to results that were accurate
and bounded, but the iterative solution of the equations was expensive, especially for
weakly participating media. The high cost was mainly due to the elliptic character of the
second-order equation and the lack of diagonal dominance of the algebraic equations.
Ferretti (2010) introduced the wavelet function which makes it possible to study the
radiative transfer through a nongray medium with an arbitrary distribution of the
absorption coefficient.
Coelho and Carvalho (1997) examined the non-conservative behavior of the discrete
transfer method and a conservative formulation was proposed and evaluated. Coelho
(2002) refined the two main shortcomings, namely ray effects and numerical smearing
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from which the discrete ordinates method for the solution of the radiative heat transfer
equation suffers, applying bounded and skewed high-order resolution schemes (CLAM,
MUSCL and SMART). Calculations were performed for two and three-dimensional
enclosures with transparent, emitting–absorbing and emitting, absorbing, scattering
media. One of the walls of the enclosure was hot, while the others were cold. The results
demonstrated that the bounded high-order schemes were more accurate, regardless of the
radiative properties of the medium. A drawback of the skewed schemes is their higher
computational requirements, associated with an increased number of iterations required
for convergence. Coelho (2004) proposed a new version of discrete ordinates method to
overcome the same shortcomings and concluded that the modified new DOM (MNDOM)
yields accurate solutions even for coarse spatial and angular discretizations. Coelho and
Aelenei (2008) applied several higher order resolution schemes to the spatial
discretization of a hybrid finite volume/finite element method for the solution of the RTE
in enclosures with a gray medium and compared with the STEP scheme. They revealed
that an interaction between spatial and angular discretization errors and shown that the
higher order resolution schemes yield improved accuracy over the STEP scheme if the
angular discretization error was small.

2.4. Two-Dimensional Transient Problem
Flock et al. (1989) experimentally measured the fluence-depth distributions and the
diffuse reflectance of 633 nm light in liquid media with optical properties similar to soft
tissues. Except at extremely high albedo, the experimental data and the Monte Carlo
results agree well for the depth dependence of the fluence as a function of incident light
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beam diameter and optical absorption and scattering, and for the dependence of the
diffuse reflectance on the albedo. The absolute experimental values for the fluence must
be renormalized by a factor which varies with the albedo in order to match the model
values, and the possible sources of this discrepancy were discussed. A mathematical
description of light propagation in terms of radiative transfer was developed by Patterson
et al. (1991). The application of the two-flux and diffusion models to tissue optics was
discussed in some detail. Mitra et al. (1997) formulated two-dimensional transient
radiation transport through a scattering–absorbing medium. The P1 approximation in a
Cartesian coordinate system was invoked to simplify the transient radiative transfer
equation. A boundary-driven radiative problem was considered in which the radiation
intensities at some areas on a surface were modeled as boundary conditions and
maintained at constant values in all angular directions. Pfefer et al. (2000) investigated
the effects of laser irradiation with a wavelength of 532 nm and pulse duration of 10 ms
on whole blood in vitro. The progression of effects with increasing radiant exposure from
evaporation to coagulation-induced light scattering to aggregated coagulum formation to
ablation was described. The Monte Carlo technique was used by Guo et al. (2000) to
simulate the two-dimensional transient radiative heat transfer in scattering and absorbing
media. The influences of medium dimensions, anisotropic scattering characteristics,
incident pulse width and spatial and temporal Gaussian distributions, and the effect of
Fresnel reflection resulting from refractive index changes at the boundaries were
discussed. It was found that the temporal distribution shape and spread of the predicted
transmissivity and reflectivity were significantly influenced by the incident pulse width
and the dimensions of the media. Forward scattering increases the magnitude of
maximum transmissivity and reduces the transmitted pulse width. Neglecting the
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boundary reflection resulted in overestimated transmissivity and reflectivity and shortens
the transmitted pulse width. The discrete-ordinates method was formulated by Guo and
Kumar (2001) to solve transient radiative transfer with the incorporation of a transient
term in the transfer equation in two-dimensional rectangular enclosures containing
absorbing, emitting and anisotropically scattering media subject to diffuse and/or
collimated laser irradiation. Short-pulsed laser interaction and propagation in a turbid
medium with high scattering albedo were studied. The imaging of an inhomogeneous
zone inside a turbid medium was demonstrated. Wu (2001) analyzed the transient
radiative transfer in a two-dimensional finite cylindrical medium with collimated pulse
irradiation and a large mean free path for scattering. Highly accurate solutions of integral
equation for transient radiative transfer revealed that the radiative energy of the medium
core was less than the radiative energy of the medium boundary, after the attenuated pulse
irradiation had passed through the medium. It was found that influence of the decrease
rate of radiative energy with the passage of time was larger than that of the extinction
decay of the radiative intensity along a propagation path for transient radiative transfer in
a two- dimensional medium with large mean free path for scattering. It is also concluded
that the scattering coefficient and geometric size were the major factors determining the
spatial distribution type of scattered radiation energy at large time and the temporal
evolution of the spatial distribution type of radiation energy.
The time-dependent discrete ordinates method was used with the higher order upwind
piecewise parabolic interpolation scheme to analyze the ultra-short light pulse
propagation in an anisotropically scattering rectangular medium by Sakami (2002). Tzou
et al. (2002) extended the hot-electron blasting model to describe the ultrafast
deformation in thin metal films during the sub-picosecond to picosecond domain. Method
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of lines is used to solve the coupled field equations describing ultrafast deformation in the
picosecond domain. Beck et al. (2003) in their investigations showed that spatially
resolved diffuse reflectance in combination with total diffuse remission provides a
valuable method to determine tissue optical properties in vivo. Li and Kumar (2003)
developed the discrete ordinate method to incorporate transient radiation heat transfer in
tissue welding and soldering with use of ultrafast lasers. The tissue was assumed to be an
axially symmetric cylinder. The temporal distribution of radiative energy inside the tissue
as well as the radiative heat flux along the tissue surface was obtained. Comparisons were
performed between laser welding and laser soldering. The use of solder was found to
substantially enhance the radiation energy absorption in upper solder-stained tissue region
but the surface radiative heat flux. A detailed formulation of the radiative transport
problem using the finite volume method and discrete ordinate method was presented by
Chai and Rath (2003).
Chai (2004) presented a finite volume method to calculate transient radiative transfer in
two-dimensional irregularly shaped enclosures. The fully implicit scheme was used to
discretize the transient term. The STEP and CLAM spatial differencing schemes were
used in this study. Trivedi et al. (2005) used a time-resolved technique to detect
tumors/inhomogeneities in tissues by measuring transmitted and reflected scattered
temporal optical signals when a short pulse laser source is incident on tissue phantoms.
An et al. (2006) developed a finite element model, which is based on the discrete
ordinates method and least-square variational principle, to simulate the transient radiative
transfer in absorbing and scattering media. A discontinuous finite element method based
on the discrete ordinates equation was extended by Liu and Liu (2007) to solve transient
radiative transfer problems in absorbing, emitting and scattering media. They concluded
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that the discontinuous finite element method was efficient, accurate, stable and can be
used for solving transient radiative transfer problems in participating media. Because the
continuity at interelement boundaries was relaxed in discontinuous finite element
discretization, field variable considered was discontinuous across the element boundaries.
This feature makes the discontinuous finite element method able to predict the correct
propagation speed within medium and accurately capture the sharp drop in the incident
radiation and the radiative heat flux at the penetration front.
The transport of a train of short-pulse radiation through a two-dimensional rectangular
participating medium consisting of local inhomogeneities was investigated by
Muthukumaran and Mishra (2008). Heat flux distributions inside the participating
medium containing square shaped local inhomogeneity were studied using the finitevolume method with a collimated beam of step temporal profile and of multiple pulses.
For many clinical light applications, such as photodynamic therapy (PDT), the therapeutic
effect strongly depends on the light dose in a certain tissue depth. A measure for the
attenuation and penetration of light in tissue is the optical penetration depth, which is
derived from the tissue’s optical properties at a certain wavelength. Therefore, in vivo
measurements to determine the optical properties were performed of the bladder wall and
brain tissue on patients undergoing photodynamic therapy. The tip of a 400 µm bare fiber
was placed in contact with the investigated tissue, either during open surgery (brain) or
through the working channel of a cystoscope (bladder wall). Light of the wavelengths
420-450 nm, 532 nm, and 635 nm was coupled alternately into the fiber. The diffuse
backscattered light was detected, spatially resolved by means of a CCD camera.
Additionally, the total diffuse reflectance of the tissue site was determined, by relating the
white light spectra remitted from the tissue to that of a reflectance standard. These two
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independent measurements were fitted with Monte Carlo simulations. Thus, the reduced
scattering and absorption coefficient could be obtained and the optical penetration depth
was derived. Jaunich et al. (2008) analyzed the temperature distributions and heat affected
zone in skin tissue medium when irradiated with either a collimated or a focused laser
beam from a short pulse laser source. Experiments were performed on multi-layer tissue
phantoms simulating skin tissue with embedded inhomogeneities simulating subsurface
tumors and as well as on freshly excised mouse skin tissue samples. Two types of lasers
have been used in this study – namely a Q-switched pulsed 1064 nm Nd:YAG short pulse
laser having a pulse width of 200 ns and a 1552 nm diode short pulsed laser having a
pulse width of 1.3 ps. The experimental measurements demonstrated that converging
laser beam focused directly at the subsurface location can produce desired high
temperature at that location compared to that produced by collimated laser beam for the
same laser parameters. Finally the ablated tissue removal was characterized using
histological studies as a function of laser parameters.
Jiao and Guo (2009) developed a time-dependent thermal interaction in a skin tissue
cylinder subjected to the irradiation of a train of short laser pulses. The ultrafast radiation
heat transfer of the focused beam was simulated by the transient discrete ordinates
method. The numerical scattering caused by spatial discretization in finite volume method
was addressed by Zhang and Tan (2009). They had considered different numerical
schemes based on an analysis of the generation process of numerical scattering. The
integral equation formulation for transient radiative transfer in two-dimensional
cylindrical non-homogeneous absorbing and linearly anisotropically scattering media
with collimated pulse irradiation was presented by Wu and Wu (2010). The integral
equations were solved by the quadrature method. The effects of spatially variable
40

Chapter 2

Literature Review

properties on transient radiative transfer were investigated for various optical sizes and
extinction coefficient distributions.

2.5. Three-Dimensional Problem
Henson and Malalasekera (1997) presented the modified formulations of the discrete
transfer and Monte Carlo methods for the prediction of radiative heat transfer in threedimensional nonhomogeneous participating media. They found that the average deviation
between the two methods is less than 1.2% for both the boundary surface flux and the
divergence of radiative flux or gas emissive power within the enclosed, isotropically
scattering media. Maruyama and Aihara (1997) analysed the radiation heat transfer
between absorbing, emitting and scattering media and specular surfaces with arbitrary
three-dimensional configurations, using the Radiation Element Method by Ray Emission
Model (REM2). Guo and Maruyama (1999) investigated the radiative heat transfer in
three-dimensional nonhomogeneous participating medium using REM2 method. The
anisotropic scattering phase function was dealt with the scaling technique based on delta
function approximation. Radiative heat transfer in three-dimensional inhomogeneous,
non-gray and anisotropically scattering participating media was investigated by using
REM. The ray effects and the influences of radiation element division and spectral
discretisation were examined by Guo (2000).
The finite-volume method (FVM) and the discrete ordinate method (DOM) are
implemented by Kim and Huh (1999), to assess their capability to predict radiative heat
transfer in a three-dimensional enclosure. They concluded that the FVM performs better
than the DOM in optically thin media, while they show comparable accuracy in optically
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thick media. Cha and Song (2000) applied the DOIM in a general grid system in threedimensional problems. They had shown that the DOIM is a potential powerful tool for
radiation analysis. A new angular discretisation scheme was presented by Kim (2000)
known as FTn of the finite volume method in three dimensional radiative transfer. The
FTn FVM was applied to absorbing, emitting and anisotropically scattering media with
variable optical thickness in a rectangular enclosure. They concluded that the FTn FVM
performs better than the discrete ordinate method (DOM) and the FVM with N × N
uniform angular discretisation except near the optically thick diffusion limit.
A three-dimensional Monte Carlo simulation of transient radiative transfer is performed
by Guo (2002) for short pulse laser transport in scattering and absorbing media. The
refractive index of the scattering particles was found to strongly influence the prediction
of transmitted pulse shape. The temporal shape of the transmittance was very weakly
influenced by the output detector angle for a diffuse medium. Scaled isotropic scattering
modeling was shown to be insufficient in transient three-dimensional radiative transfer
for early times. Tan (2002) studied the transient radiative transfer by an integral equation
model in a rectangular volume with absorbing and isotropic scattering medium. Diffuse
irradiation enters at one boundary surface and the other five boundaries were cold and
black surfaces. The spatial and temporal distributions of the integrated intensity and
radiative flux were presented for different radiative property distributions.
Jeong et al. (2003) examined the tumor cells which were more sensitive to temperature
increase than normal tissue. They used a combination of an 805-nm laser and in-situ
indocyanine green (ICG) solutions in treating rat tumors. Multiple beams were also used
to irradiate the tumor. They observed that when the tumor was free of ICG, the
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temperature increase of the tumor was less significant under the laser irradiation with a
power density of 0.33 W/cm2; tumor tissue at a depth of 1 cm only experienced a 7°C
increase in temperature. However, when the tumor contained ICG solution, the
temperature at 1-cm depth experienced more than 15°C-temperature increase.
Furthermore, when one fiber was used, the edge of the tumor experienced less impact by
the laser beam, while multiple beams resulted in an almost uniform temperature increase
over the entire tumor. Joseph et al. (2003) extended a structured radiative heat transfer
code based on the standard discrete ordinates method to unstructured meshes in order to
be coupled with a CFD code. The mesh influence was studied for different cases. Cui and
Li (2005) presented a discontinuous finite element method for the numerical solution of
internal thermal radiation problems in three-dimensional (3D) geometries using an
unstructured mesh of mixed elements. Different domain discretization methods were
presented and a new angular space discretization was also given. Liu et al. (2003) shown
that when the open boundary locates in the high-temperature zone and the temperature
gradient is large, the error resulted from the open boundary to be treated as a black wall
with local temperature may be very large and cannot be omitted. In order to get the
reasonable numerical results, the open boundary needs to be set up far from the
interesting zone more than 1.0 optical thickness if the open boundary of computational
domain is treated as a black wall with local temperature.
Talukdar et al. (2005) implemented the finite volume method of radiation in nonorthogonal curvilinear coordinates for complex three-dimensional problems in order to
use it for combined heat transfer problems in connection with CFD codes and also to
handle irregular structure with a body-fitted structured grid. They considered both
radiative and non-radiative equilibrium situations along with an absorbing, emitting and
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scattering medium. Talukdar et al. (2007) extended the application of block structured
grid with the finite volume method (FVM) to conduction and radiation heat transfer in
cylindrical enclosures. Results of temperature, radiative heat flux and total heat flux
distributions were presented for different optical thicknesses, scattering albedos,
emissivities and conduction–radiation parameters. A three-dimensional algorithm for the
treatment of radiative heat transfer in emitting, absorbing and scattering media was
developed by Grissa et al. (2007). The approach was based on the utilization of control
volume finite element method (CVFEM) which was applied for the first time to 3D
radiative heat transfer in participating media.
A two-step procedure for the computation of radiative heat transfer with anisotropic
scattering and reflection was presented by Jiang (2008). It was shown that the method
gives more accurate solution than the isotropic scaling for the heat transfer in
anisotropically scattering media. An original model and code for three-dimensional
radiation of anisotropically scattering gray media was developed by Trivic and Amon
(2008) where radiative transfer equation (RTE) was solved by finite volume method
(FVM) and scattering phase function (SPF) was defined by Mie Equations (ME). The
effects of scattering albedo and wall reflectivity on the radiative heat flux were presented.
It was found that the developed three-dimensional model, where FVM was coupled with
ME, was reliable and accurate. An efficient numerical inverse radiation analysis based on
the backward Monte Carlo (BMC) method was presented by Wang et al. (2008) to
determine the three-dimensional temperature distribution in a large rectangular enclosure
containing the participating medium, using radiative intensities in the visible range
received by charge-coupled device (CCD) cameras.
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From the exhaustive literature survey, it is revealed that the radiative heat transfer
equation has been considered as the governing equation for a numerous situations. Many
engineering applications in which the participating medium is assumed to be subjected to
steady radiation and walls of the enclosures are black. In the last few decades with the
progress in technology, there is an exponential growth in the research area of transient
radiative transfer with the interaction of short pulse laser in participating media. The
commonly used methods to solve the transient radiative transfer equation, to cite a few
are like MC method, Integral equation solution, REM, DTM, DOM, FEM and FVM etc.
But it is found that the majority of them are based on the most simplified assumption of
black wall, whereas the reflective wall assumption resembles more to the practical
applications. When the boundary surface becomes reflective, then the temporal spread
changes significantly by the multiple reflections and partial transmissions at the surfaces.
Hence the motive behind the study is to focus on the unique features of the situation when
a short pulse laser interacts with a participating medium bounded by reflective
boundaries. Different optical properties related to tissues are available in Jaunich et al.
(2008). They conducted experimental work on multi-layer tissue phantoms simulating
skin tissue with embedded inhomogeneities simulating subsurface tumors and as well as
on freshly excised mouse skin tissue samples. If the bio-medical applications are
considered, then the medium will be more scattering than absorbing. Therefore, in the
present work, the variations in optical properties are considered in a wide range so as to
be applicable for different engineering applications.
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3.1. One-Dimensional Problem Formulation
The physical case under consideration is a one dimensional anisotropically scattering and
absorbing medium of length L having azimuthal symmetry and constant properties
(Fig.3.1a). The equation of transient radiative transfer in the case considered may be
expressed as (Modest, 2003)

σ
1 ∂I l ∂I l
+
= −kI l − σ s I l + kI b + s
c ∂t
∂s
4π

∫I

l'

Φ (l ' → l )dΩ l '

(3.1)

4π

The first two terms on the right hand side, which are negative, accounts for the decrease
in the intensity of radiation in the given direction, either because it is absorbed by the
medium (with an absorption coefficient

k) or because it is scattered onto another

direction (with a scattering coefficient σs). The third term has positive sign, therefore
implying an increase in the intensity of radiation. This term is due to thermal emission
from the medium. It is zero only if the temperature is zero, or the absorption coefficient is
zero. It may be noticed that the proportionality coefficient is the same absorption
coefficient appearing in the first term. This holds under the assumption of local
thermodynamic equilibrium (see, for instance, Modest (2003) section 9.2). The fourth
term on right hand side contributes only if the medium scatters radiation. We should take
into account that any photon, propagating along a direction given by l’, may be redirected
to the analyzed direction l. We define the function Φ (l ′, l ) to be 4π times the probability
of such redirection occurring. Then we integrate to consider all possible directions l’. The
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function Φ (l ′, l ) is known as the scattering phase function. It has to be normalized, in a
way that

∫Φ (sˆ

l′

)

, sˆ l dΩ l′ = 4π

(3.2)

4π

where this time the phase function is integrated over the second argument. This equation
merely states that the incoming photon should be scattered into some other direction.
However, the interaction between radiation and matter is more complicated than that, and
it is indeed possible for a scattered photon to vary its energy. This can be taken into
account by allowing the phase function to depend on the incoming and outgoing photon
wavelengths. The usual approximation for problems related to heat transfer is to consider
elastic scattering that is, to take a phase function of the form used in Eq. (3.1), thus
ignoring the energy change of a scattered photon. Moreover, it is assumed that the phase
function depends only on the relative orientation of the two directions l and l’, that is, of

(

)

the scalar product sˆ l ′ ⋅ sˆ l = cosθ .
The scattering phase function can be represented as a series in terms of Legendre’s
polynomial as follows:
M

Φ(sˆ′, sˆ ) =1 + ∑ a m Pm (sˆ′ ⋅ s )

(3.3)

m =1

For linear anisotropic condition M = 1, hence, the above equation becomes

Φ(sˆ′, sˆ ) =1 + a1 P1 (sˆ′ ⋅ sˆ ) =1 + a1 (sˆ′ ⋅ sˆ )
since, P1 (sˆ′ ⋅ sˆ ) = (sˆ′ ⋅ sˆ ) .
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Therefore, linear anisotropic scattering the phase function for 1-D problem can be
expressed as follows

(

)

Φ sˆ l ' → sˆ l = 1 + a cosθ l cosθ l '

(3.5)

The average scattering phase function is given by

∫ Φ(sˆ′ ⋅ sˆ) dΩ

Φ l ′l = ΔΩ

l′

l′

(3.6)

ΔΩ l ′

Now substituting the value from Eq. (3.4) and integrating, we get

Φ l′l =

ΔΩ l′ +

a cos θ
(cos 2θ1′ − cos 2θ 2′ )
4

ΔΩ l′

(3.7)

The radiation intensity leaving a gray surface that emits and reflects energy diffusely, can
be written as

I l = εI b +

1− ε

π

∫I

l'

sˆ ′ ⋅ nˆ dΩ l '

(3.8)

sˆ′. nˆ < 0

Equation (3.8) provides the boundary intensity for the TRTE. The first term on the right
side represents the thermal contribution of the surface. This term may depend on the
outgoing direction through the emissivity coefficient. The second term takes into account
the diffuse contribution of the reflected intensity and hence all incoming directions should
be considered. This is why the integral is carried out over the incoming directions to the
surface. This boundary equation works only for directions such that (sˆ′ ⋅ nˆ ) > 0 .
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The north boundary at z = L as shown in Fig.3.1 (a) is irradiated normally with a shortpulse laser beam. The radiation intensity incident on the boundary for a square pulse or a
Gaussian pulse with finite temporal width can be expressed as follows.
Square pulse (Fig.3.1 (b)):

[

]

I (L, Ω c , t ) = q c × H (t ) − H (t − t p ) δ (θ − θ 0 )δ (φ − φ 0 )

(3.9)

where δ is the Dirac delta function and H(t) is the Heaviside function.
Gaussian pulse (Fig.3.1 (c)):
⎡
⎛ t − tc
I (L, Ω c , t ) = q c × exp ⎢ − 4 ln 2⎜
⎜ t
⎢
⎝ p
⎣

⎞
⎟
⎟
⎠

2

⎤
⎥ δ (θ − θ 0 )δ (φ − φ 0 )
⎥
⎦

I (L , Ω c , t ) = 0

0 < t < 2tc

(3.10)

t ≥ 2tc

(3.11)

The temporal pulse shape described in Eqs. (3.10) and (3.11) is a truncated Gaussian
distribution with the maximum at t = tc and the half maximum at t = tc ± tp/2. The factor 4
ln 2 is required in Eq. (3.10) to ensure that I (0, θ, tc ± tp/2) = qc δ (θ-θ0)/2, as required by
the definition of the full-width at half-maximum (FWHM) tp for the pulse shape.
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Fig.3.1 (a) Computational Domain (b) Square profile (c) Gaussian Profile
(d) Control Volume.
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The radiative transfer equation is sometimes written by changing the geometrical length
variable l by the optical depth (or thickness) τ, defined by dτ = β ds, where β = k +σs is the
extinction coefficient. The optical thickness is defined in a differential fashion, since the
extinction coefficient may depend on l, for instance for a non-isothermal medium. The
use of the non-dimensional optical depth is useful, since approximations to the RTE exist
for the limits of large or small optical thickness. On the other hand, a large absorption
coefficient is meaningless until the size of the domain under consideration is given. In the
terms of these variables, the RTE becomes

ω M l l′l l′
1 ∂Il 1 ∂Il
l
+
= −I + (1 − ω )I b +
∑ I Φ ΔΩ
β c ∂t β ∂ s
4π l′ = l

(3.12)

where ω = σs / β is known as the scattering albedo, a measure of the relative significance
of absorption and scattering. Here the optical thickness is dimensionless and therefore the
above equation can be thought as being non-dimensional.

3.2. Formulation of the Discretization Equation
Equation (3.1) in non-dimensional form can be written with linear anisotropy as

1 ∂Il 1 ∂Il
ω M l l′l l′
l
+
= −I + (1 − ω )I b +
∑ I Φ ΔΩ
4π l′ = l
β c ∂t β ∂ s

Now the linearised TRTE can be written as,
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where the modified extinction coefficient is

β ml = 1 −

ω
ω
a cos θ l cos θ l ΔΩ l −
ΔΩ l
4π
4π

(3.15)

and the modified source function is

⎧
⎪ω
S = (1 − ω )I b + ⎨
⎪ 4π
⎩
l
m

⎫
⎪
I ΔΩ + a cos θ ∑ I cos θ ΔΩ ⎬
∑
l ′ =1
l ' =1
⎪
l ′≠ l
l ' ≠l
⎭
M

l′

M

l′

l'

l'

l'

(3.16)

Upon integration over a typical one-dimensional control volume and a control angle
within a specified time step, the TRTE becomes

∫

ΔΩ l

1
∂I l *
∫ΔV Δ∫t ∂t * dt dV dΩ + β
*

∫

ΔΩ l

∂I l *
∫ ∫ dt dV dΩ = ΔΩ∫
ΔV Δt ∂s
*

l

∫ ∫ (− β

l
m

I l + S ml ) dt * dV dΩ

(3.17)

ΔV Δt *

Applying divergence theorem to the 2nd term on the left hand side of Eq. (3.17) the TRTE
simplifies to
1
∂I l *
∫ l Δ∫V ∫* ∂t * dt dV dΩ + β
ΔΩ
Δt
=

∫ ∫ ∫ (− β

∫ ∫ ∫ I (s
l

ΔΩ Δt ΔA
l

l
m

)

⋅ nˆ dAdt * dΩ

*

I +S
l

l

l
m

) dt dV dΩ

(3.18)

*

ΔΩ ΔV Δt *
l

where n̂ is the unit outward normal vector. The first term in the left hand side represents
the change of radiation intensity with time; the second term represents the inflow and
outflow of radiant energy across the faces of the control volume. The term on the right
side accounts for the attenuation and augmentation of energy within a control volume and
control angle. In the finite volume method, the magnitude of intensity is assumed to be
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constant over the control volume and a control angle. Under these assumptions and using
the fully-implicit scheme, Eq. (3.18) can be written as

(I

l
P

)

− I Pl 0 ΔVΔΩ l +

1

4

∑I
β
i =1

l
i

∫ (sˆ ⋅ nˆ ) dΩ

ΔAi Δ t *

ΔΩ

l

(

)

= − β ml I Pl + S ml ΔVΔΩ l Δ t *

(3.19)

l

where I Pl 0 and I Pl are the nodal intensities at the start and at the end of the time step
respectively. On further simplification, for a control volume and a control angle, Eq.
(3.19) becomes

(I

l
P

)

− I Pl 0 ΔVΔΩ l
Δt

*

+

(I

l
n

)

(

)

l
− I sl ΔA z D cz
l
l
= − β ml , P I Pl + S m
, P ΔVΔΩ

β

l
l
= ∫ (sˆ ⋅ nˆ z )dΩ l = − Dczs
= Dczl , ΔΩ l =
where, Dczn

∫ dΩ ,

ΔΩ′

(3.20)

ΔAzn = ΔAzs .

To relate the boundary intensities to the nodal intensities, two spatial difference schemes:
STEP and CLAM are used.

3.3. Formulation using STEP scheme
In the STEP (first order) or upwind scheme the downstream boundary intensities are set
equal to the upstream nodal intensities (Fig.3.1 (d)).
I nl = I Pl , I sl = I Sl

(3.21)
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Applying the STEP scheme, Eq. (3.20) becomes

⎡ ΔAz Dczl
ΔVΔΩ l ⎤ l ⎛ ΔVΔΩ l
l
l
β
+
Δ
ΔΩ
+
V
⎢
⎥ I P = ⎜⎜
m,P
*
Δt * ⎦
⎝ Δt
⎣ β
ΔAz Dczl I Sl
+
+ S ml , P ΔVΔΩ l

⎞ l0
⎟⎟ I P
⎠

(3.22)

β

The standard form of the discretization equation in control volume formulation is

a P I P = a P0 I P0 + ∑ a nb I nb + b

(3.23)

So the final discretization equation for the nodal intensities for the Dczl > 0 conditions can
be written as

a Pl I Pl = a Pl 0 I Pl 0 + a Sl I Sl + b l

(3.24)

ΔAz Dczl
⎡ ΔAz Dczl
ΔVΔΩ l ⎤
ΔVΔΩl
l
l
l
l
+ β mP ΔVΔΩ +
where, a =
, aS =
, aP = ⎢
Δt * ⎥⎦
β
Δt *
⎣ β
l0
P

l
b l = S mP
ΔVΔΩ l

3.4. Formulation using CLAM scheme
Higher order (Second order) resolution CLAM (Coelho, 2002) scheme expresses the
dependent variables (the radiative intensity in the present case) at a cell face “f” as a
function of its values present at three neighboring grid nodes (two upstream and one
downstream) from the cell face. In the present problem the relations are as follows:

55

Chapter 3

1-D Formulation

For the north face (Fig.3.1d)

(

)

~z 2 − ~
(~z − ~z ) ~
z ~
~
I n = ~ P~ n I P + ~ n ~ P I P2
z P ( z P − 1)
z P ( z P − 1)

(3.25)

I n = I P + S Cn + + S Pn + I P

(3.26)

z − zS
z − zS
= 0.5 , ~
= 0.75
zP = P
zn = n
where, ~
zN − zS
zN − zS

(3.27)

⎛ I − IS ⎞
⎛ I − IS ⎞
⎟⎟ , S Pn+ = −⎜⎜ P
⎟⎟
S Cn+ = I N ⎜⎜ P
⎝ IN − IS ⎠
⎝ IN − IS ⎠

(3.28)

For the south face,

(

)

~
(~z − ~z ) ~
z2 −~
z ~
~
I s = ~ S ~ s I S + ~ s ~ S I S2
z S ( z S − 1)
z S ( z S − 1)

(3.29)

I s = I S + S Cs + + S Ps + I P

(3.30)

where

⎛ I − I SS
z − z SS
~
= 0.5 , S Cs + = − I S ⎜⎜ S
zS = S
z P − z SS
⎝ I P − I SS
⎛ I − I SS
z − z SS
~
zs = s
= 0.75 , S Ps + = ⎜⎜ S
z P − z SS
⎝ I P − I SS

⎞
⎟⎟
⎠

⎞
⎟⎟
⎠

(3.31)

(3.32)

After substituting the boundary intensities in terms of nodal intensities, we may end up
with negative intensity which is physically not acceptable. To avoid such unrealistic
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situation during the iteration procedure an overall positive variable treatment mentioned
in Patankar (1991) is adopted. After the treatment, the discretization equation becomes
⎡⎡
⎛S + −S +
⎜ cn
⎢⎢
cs
+
D
D
cz ⎜
⎢ ⎢ cz
l
I
⎜
⎢⎣ ⎣⎢
P*
⎝

(

Dcz S Pn + − S Ps +

)

⎤
⎛I
⎞
ΔVΔΩ ⎥ l
⎟⎟ + β m ΔVΔΩ +
I = Dcz ⎜⎜ S
* ⎥ P
Δt ⎥
⎝ β
⎠
⎦
ΔVΔΩ lo
I l * + S mP ΔVΔΩ +
IP
P
Δ t*
⎞⎤
⎟⎥ ⎛ 1
⎟ ⎥ × ⎜⎜ β
⎟ ⎝
⎠ ⎦⎥

⎞
⎟⎟ −
⎠

(3.33)

where I l * is the intensity in a given direction ‘l’ at a node point ‘P’ from the previous
P

iteration. Gauss-Seidel iterative method is used to solve the resulting set of algebraic
equations with the radiation intensities as the unknowns within each time step. The
solution process adopts a marching procedure to solve the set of algebraic equations. All
computations are carried out using the code generated using MS FORTRAN 90.
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a Wl , a Pl 0 , a Pl , b

Calculate

If

I Pl − I Pl *
I

l
P

≤ 10−6

Yes

No
Go to next time step
Final time step
reached
STOP

For 1-D Problem : I Pl =

a Pl 0 I Pl 0 + aWl I Wl + b
a Pl

a Pl 0 I Pl 0 + aWl I Wl + a Sl I Sl + b
For 2-D Problem : I =
a Pl
l
P
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4.1. Introduction
In the study of radiative transfer caused by a short-pulse laser irradiation, the time
dependent transmittance and reflectance signals are the two quantities that can provide
specific information about the medium. Transmittance is defined as the net radiative heat
flux emerging out of the medium due to transmission and with reference to a planar
medium (Fig. 3.1a), it is the net radiative heat flux at the bottom boundary (z = 0.0).
Reflectance is the net radiative heat flux at the boundary which is subjected to the laser
irradiation and, in the present case, it is the reflected heat flux at the top boundary (z = L).
In this chapter the numerical results for the transmitted flux and reflected flux for a planar
participating medium subjected to short pulse collimated radiation are discussed. The
finite volume method is considered to evaluate the propagation of radiation intensity
through a participating medium bounded by one-dimensional geometry and also different
spatial differencing schemes are applied to enhance the accuracy of the solution. The
collimated intensity of radiation travels with a speed of light through the medium. The
effects of different properties like optical and geometrical properties are also analyzed.
Both isotropic scattering and linearly anisotropic scattering medium (with forward
scattering and backward scattering) are considered.
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Fig. 4.1 Grid independence test for control volume.

4.2. Grid independence test
A grid independent test was conducted with different spatial and angular grid sizes. It is
observed that further refinement to the grid size of 300 control volumes and 8 control
angles results in negligible change in the transmittance value as seen from Figs. (4.1) and
(4.2). Although it is not shown, a time independent test is also conducted for each grid
size and it is found that beyond the dimensionless time step size of 0.01 (Δt* = 0.01), there
is negligible change in the results. Henceforth, the above grid size and time step size are
used for further presentation of results.
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Fig. 4.2 Grid independence test for control angle.

τ = 0.5
ω = 0.998

Fig. 4.3 (a) Comparison of transmittance in a scattering medium subjected to
Gaussian pulse collimation.
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4.3. Validation
The proposed methodology is validated with available existing solutions of Okutucu and
Yener (2006) and Sakami et al. (2000), as shown in Figs. 4.3(a), (b), (c), (d). Figures
4.3(a) and (b) show the comparison with Galerkin based finite element method (Okutucu
and Yener, 2006) for isotropic scattering medium subjected to Gaussian pulse collimation
and the medium optical thickness as τ = 0.5. The pulse width of the collimated beam is
taken as unity (tp = 1).

τ = 0.5
ω = 0.998

Fig. 4.3 (b) Comparison of reflectance in a scattering medium subjected to gaussian
pulse collimation.
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Fig. 4.3 (c) Comparison of transmittance in a scattering medium subjected to square
pulse collimation.
Figures 4.3(c) and (d) shows the comparison of transmittance and reflectance with PPA
method (Sakami et al., 2000) for linear anisotropic scattering medium when one of the
boundaries is subjected to a square pulse collimation and the medium optical thickness as
τ = 1.0 and the scattering albedo is taken as ω = 0.998 for both the cases. It is found that
for both the cases, results obtained from the present method are in good agreement with
the existing approaches.

64

Chapter 4

1-D Results and Discussion

1
Present,a=-0.9
PPA,a=-0.9
Present,a=0.9

0.1

ΨR

PPA,a=0.9

τ = 1.0
ω = 0.998

0.01

0.001
0

1

2

3

4

5

6

7

8

9

10

t*
Fig. 4.3 (d) Comparison of reflectance in a scattering medium subjected to square
pulse collimation.
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4.4. Effects of anisotropy
0.5
0.45
0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05
0

a = 0.9
a = 0.0

a = -0.9

0

1

2

3

4

5

6

7

8

9 10

t*
Fig. 4.4 (a) Effect of anisotropy on transmittance for εs = 0.8, τ = 1.0 and ω = 1.0.
Figures 4.4(a) and (b) show the influence of anisotropic scattering on the temporal
variation of transmittance and reflectance. As expected, the transmission of radiation is
found to be stronger in a forward scattering medium compared to the reflectance as seen
from Fig. 4.4 (a). It is revealed from the reflectance curve (Fig. 4.4 b), there are two
maxima in case of forward and isotropic scattering medium and it disappears as the
medium becomes backward scattering. This is due to the effect of the gray wall. The
reflected flux from opposite gray wall gets added to the reflectance which causes multiple
maxima to appear.
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Fig. 4.4 (b) Effect of anisotropy on reflectance for εs = 0.8, τ = 1.0 and ω = 1.0.
The reflected flux starts reducing once the pulse is switched off and, as a combined effect
of the flux reflected from the opposite gray wall and back scattered flux, the reflected flux
once again reaches to the second maxima. Forward scattering enhances the maximum
value of the transmittance peaks, whereas the maximum value of reflectance is
augmented by backward scattering. The observations from the figures obey the isotropic
scaling rule, which states that forward scattering can be scaled into isotropic scattering
with a smaller scattering coefficient and backward scattering can be modeled by isotropic
scattering with an increased scattering coefficient.
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4.5. Effects of pulse profile
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Fig. 4.5 (a) Effect of pulse profile on transmittance for εs = 0.8, τ = 1.0 and ω = 1.0.
The effect of pulse profile is shown in Figs. 4.5 (a) and (b). It is observed that, even
though there is a little change in maximum value of transmittance as well as reflectance,
the temporal width is broadened in case of Gaussian pulse due to the distribution given by
Eqs (3.10) and (3.11) as expected. Due to the cumulative effect of the back scattered flux
and reflected flux from the opposite gray wall, the reflected flux reaches the second
maxima for both the pulses. Because of the nature of the Gaussian pulse the transmitted
flux reduces smoothly as compared to that of the square pulse after the pulse is switched
off. There is a sharp rise in both transmittance as well as in reflectance curve in case of
square profile while it is not so for the Gaussian pulse.
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Fig. 4.5 (b) Effect of pulse profile on reflectance for εs = 0.8, τ = 1.0 and ω = 1.0.
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4.6. Effects of optical thickness
Here the effects of optical thickness on transmittance and reflectance are discussed. Figs.
4.6 (a) and (b) reflect the nature of variation for transmittance and reflectance when the
optical thickness is increased from 0.25 to 1. From Fig. 4.6(a) it can be observed that the
magnitude of transmittance reduces as the optical thickness increases from 0.25 to 1. The
interesting feature here is that the signal continues to give information for a longer
duration for higher optical thickness values as compared to lower values of optical
thickness because of more interaction between the medium and irradiation.

τ = 0.25
τ = 0.5
τ = 0.75
τ = 1.0

Fig 4.6(a).Effect of optical thickness on transmittance for black wall and ω=1.0.
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τ = 0.25
τ = 0.5
τ = 0.75
τ = 1.0

Fig. 4.6(b) Effect of optical thickness on reflectance for black wall and ω=1.0.
Figures 4.7 (a) and (b) present the influence of optical thickness on transmittance when
the boundary wall is gray. As expected, the magnitude is reduced with increase in the
optical thickness. When the medium is strongly forward scattering, the peak value of
transmittance increases significantly. After the pulse left, transmittance signal will tend to
leave the medium much faster when the optical thickness of the medium is small. For
larger optical thickness, the medium and collimated beam interact with each other for a
longer duration which results in the reduction of peak values in both isotropic and
anisotropic scattering medium. But when compared between the isotropic and anisotropic
scattering, the peak value in the later case gains more since the contribution from the
medium is more in the direction of propagation.
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Fig. 4.7 (a) Effect of optical thickness on transmittance
with εs = 0.8 and ω = 1.0 for a = 0.0.
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Fig. 4.7 (b) Effect of optical thickness on transmittance
with εs = 0.8 and ω = 1.0 for a = 0.9.
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4.7. Effects of scattering albedo
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Fig. 4.8 (a) Effect of scattering albedo on reflectance
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Fig. 4.8 (b) Effect of scattering albedo on reflectance
with εs = 0.8 and τ = 1.0 for a = 0.9.
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It is seen from Figs. 4.8 (a) and (b) that when the scattering is absent (pure absorption
medium), multiple peaks of reflected flux are absent. It can be seen from the Figs. 4.8(a)
and (b), a reverse trend is persisting in case of reflectance for the anisotropic scattering
medium. While the radiation back propagates from the opposite wall, even though the
medium is forward scattering, the peak value decreases as compared to the isotropic
scattering medium. This happens because the scattering from the medium opposes the
radiation while it travels from opposite wall to the top wall of incidence. From Figs. 4.8
(a) and (b), few interesting features are observed considering the net effect of the
scattering albedo and gray wall. The interesting revealing of the observation is that the
multiple maxima disappear when the scattering albedo approaches to either zero or one.
This is because, when the scattering albedo is very low, then emissivity plays the
dominant role and for higher scattering albedo, the scattering effect takes the lead role.
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ω=0.2

Fig. 4.9 (a) Effect of scattering albedo on transmittance for τ = 0.5 and εs= 0.8.
From the Figs. 4.9(a), 4.10(a) and 4.11(a) it is observed that the transmittance decreases
with increased optical thickness. While the irradiation propagates through the medium, it
gets attenuated more and more due to absorption with decreased value of scattering
albedo for all optical thicknesses. Therefore, the transmittance decreases for lower
scattering albedos. The change in peak value becomes significant as the scattering albedo
increases with increasing optical thickness. For higher values of optical thickness, the
transmittance signal prevails for a longer period of time and also as the scattering albedo
increases the effect further becomes cumulative. As the scattering albedo increases,
change in the pattern of the curve is almost similar for all optical thicknesses till it attains
the peak value, but thereafter they are separated as their slope (change of transmittance
with time) increases with increased optical thickness. It is observed from the graphs that
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the STEP scheme underpredicts the transmittance as the optical thickness increases.
CLAM scheme also gives the similar results.

Step
CLAM
ω=0.8
ω=0.4
ω=0.6
ω=0.2

Fig. 4.9 (b) Effect of scattering albedo on reflectance for τ = 0.5 and εs= 0.8.
As the optical thickness increases, the change in the peak value of reflectance becomes
insignificant as seen from Figs. 4.9(b), 4.10(b) and 4.11(b). The reflectance increases as
the scattering albedo increases. Two maxima are observed when τ = 1 (indicating the
effect of emissivity of the boundary wall), but when the optical thickness is increased the
second maxima disappears (which reflects that the effect of optical thickness dominates
the effect of emissivity). Unlike the transmittance, the reflectance is well captured by both
the schemes when the pulse is switched off. Initially the STEP scheme underpredicts the
reflectance for all optical thicknesses.
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Fig. 4.10 (a) Effect of scattering albedo on transmittance for τ = 1.0 and εs = 0.8.
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Fig. 4.10 (b) Effect of scattering albedo on reflectance for τ = 1.0 and εs = 0.8.
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Fig. 4.11 (a) Effect of scattering albedo on transmittance for τ = 5.0 and εs = 0.8.
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Fig. 4.11 (b) Effect of scattering albedo on reflectance for τ = 5.0 and εs = 0.8.
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4.8. Effects of emissivity

εs=0.25
εs=0.5
εs=0.75
εs=1.0

Fig. 4.12(a) Effect of emissivity on transmittance for τ = 1.0 and ω = 1.0 for square
pulse.

εs=0.25
εs=0.5
εs=0.75
εs=1.0

Fig. 4.12(b) Effect of emissivity on reflectance for τ = 1.0 and ω = 1.0 for square
pulse.
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Figure 4.12 (a) depicts that there is no significant change in the peak value of
transmittance for different emissivities. The reflectance increases sharply for all
emissivities and then reduces before increasing to reach the second peak as seen from Fig.
4.12 (b). As the value of emissivity reduced, more reflection is caused at the south
boundary which gets added to the back scattering and this results in two maxima as
observed from Fig. 4.12 (b). One of them disappears, as the emissivity increases. As seen
from Fig. 4.12 (a), the transmittance persists for longer time with smaller value of
emissivity. The effect of emissivity on transmittance and reflectance is not significant for
higher values of optical thickness.

εs = 0.25
εs = 0.5
εs = 0.75
εs = 1.0

Fig. 4.13 (a) Effect of emissivity on transmittance for τ = 1.0 and ω = 1.0 for
Gaussian pulse.
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Figures 4.13(a) and (b) show the influence of gray south wall and other black walls on
transmittance and reflectance, when the pulse is a Gaussian pulse. It is seen from Fig.4.13
(a) that, even though there is marginal change in the peak value of transmittance, the
signal remains for longer duration as the emissivity of the south wall decreases since there
is more interaction between the reflected flux from wall and the medium.

εs = 0.25
εs = 0.5
εs = 0.75
εs = 1.0

Fig. 4.13 (b) Effect of emissivity on reflectance for τ =1.0 and ω = 1.0 for Gaussian
pulse.
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5.1. Two-Dimensional Problem Formulation
The physical case (Fig.5.1 (a)) under consideration is a two-dimensional anisotropically
scattering and absorbing medium of dimension L×L with constant properties. The
transient radiative transfer equation (TRTE) in the above case considered may be
expressed as (Modest, 2003)

σ
1 ∂I l ∂I l
= − kI l − σ s I l + kI b + s
+
c ∂t
∂s
4π

∫I

l'

Φ (l ' → l )dΩ l '

(5.1)

4π

As mentioned earlier, the scattering phase function obeys the following condition

∫π Φ (

sˆ l ′ , sˆ l

)

dΩ l ′ = 4π

(5.2)

4

In the finite volume method this is approximated as

(

)

M

l′ l
l′
l ′l
l′
∫Φ sˆ , sˆ dΩ = ∑Φ ΔΩ

4π

(5.3)

l ′ =1

′

where Φ l l is average energy scattered from control angle l’ to the control angle l.
The scattering phase function can be represented as a series in terms of Legendre’s
polynomial as follows:
M

Φ (sˆ′, sˆ ) =1 + ∑ am Pm (sˆ′, sˆ )

(5.4)

m =1
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L
Y= 0

I(t)

tp

L

Imax

Y= L

t

(a)

(b)

(c)
Fig. 5.1(a) Computational domain (b) Pulse profile (c) Control volume.
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For linear anisotropic condition M = 1. Hence, the above equation becomes

Φ(sˆ′, sˆ ) =1 + a1 P1 (sˆ′ ⋅ sˆ ) =1 + a1 (sˆ′ ⋅ sˆ )

(5.5)

Also, P1 (sˆ′ ⋅ sˆ ) = (sˆ′ ⋅ sˆ )

(5.6)

Therefore, the linear anisotropic scattering phase function for two-dimensional problem
can be expressed as

(

)

(

Φ sˆ l ' → sˆ l = 1 + a (cosθ l cos θ l ' + sin θ l sin θ l ′ cos φ l ′ − φ l

(

)

(5.7)

)

since, sˆ′ = sin θ ′ cos φ ′ iˆ + sin φ ′ ˆj + cosθ ′ kˆ

(

)

and, sˆ = sin θ cos φ iˆ + sin φ ˆj + cosθ kˆ
The average scattering phase function is given by

∫Φ (sˆ′, sˆ)dΩ

Φ l′l = ΔΩ

l′

l′

(5.8)

ΔΩ l′

Hence
φ2l ′θ 2l ′

Φ l′l =

∫ ∫ {1 + a cosθ

φ1l ′θ1l ′

l

(

)}

cosθ l′ + a sin θ l sin θ l′ cos φ l − φ l′ sin θ l′ dφ l′ dθ l′
(5.9)

ΔΩ l′
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Expanding the integral, Eq. (5.9) becomes

(

)(

)

a cosθ
⎛ a sin θ cos φ ⎞
cos 2θ1l ' − cos 2θ 2l ' φ2l ' − φ1l ' + ⎜
⎟
4
2
⎝
⎠
l'
l' ⎞⎞
⎛ l'
⎛
⎜θ − θ l ' + ⎜ sin 2θ1 − sin 2θ 2 ⎟ ⎟ sin φ l ' − sin φ l '
1
2
1
⎜
⎟⎟
⎜ 2
2
⎝
⎠⎠
⎝
⎛ sin 2θ1l ' − sin 2θ 2l ' ⎞ ⎞
⎛ a sin θ sin φ ⎞⎛⎜ l '
l'
⎟ ⎟ cos φ1l ' − cos φ2l '
+⎜
⎟ θ 2 − θ1 + ⎜⎜
⎟⎟
⎜
2
2
⎝
⎠⎝
⎝
⎠⎠
Φ l′l =

ΔΩ l′ +

(

)

(

)

ΔΩ l′

(5.10)

5.2. Formulation of the Discretization Equation
Equation (5.1) in non-dimensional form can be written (with linear anisotropy) as

ω M l l′l l′
1 ∂Il 1 ∂Il
l
+
= −I + (1 − ω )I b +
∑ I Φ ΔΩ
β c ∂t β ∂ s
4π l′ = l
1 ∂Il 1 ∂Il
Now the linearised TRTE can be written as,
+
= − β ml I l + S ml
βc ∂ t
β ∂s

(5.11)

(5.12)

where the modified extinction coefficient is
⎛
⎝

β ml = ⎜1 −

ω
⎞ ω
ΔΩ l ⎟ −
a cos θ l cos θ l ΔΩ l − a sin θ l sin θ l ΔΩ l
4π
4
π
⎠
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and the modified source function is

S ml

M
⎧ ω M l′
l′
I
a
cos
θ
I l ' cos θ l ' ΔΩ l '
ΔΩ
+
⎪
∑
∑
4
π
⎪ l ′=1
l ' =1
⎪ l ′≠ l
l ' ≠l
= (1 − ω )I b + ⎨
M
⎪
l
l′
l′
l′
l
l′
⎪a sin θ ∑ I sin θ cos φ − φ ΔΩ
l ′=1
⎪
l ′≠ l
⎩

(

)

⎫
+⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎭

(5.14)

Upon integration over a typical control volume and a control angle within a specified time
step, the TRTE becomes

∫

ΔΩ l

=

1
∂I l *
∫ΔV Δ∫t ∂t * dt dV dΩ + β

∫

ΔΩ l

*

∫ ∫ ∫ (− β

l
m

I +S
l

l
m

∂I l *
∫ ∫ dt dV dΩ
Δ V Δ t ∂s

(5.15)

*

) dt dV dΩ
*

ΔΩ l ΔV Δt *

Applying divergence theorem to the 2nd term of the Eq. (5.15), the TRTE simplifies to
1
∂I l *
∫ l Δ∫V ∫* ∂t * dt dV dΩ + β
ΔΩ
Δt
=

∫ ∫ ∫ (− β

l
m

I +S
l

l
m

) dt

*

∫ ∫ ∫ I (s
l

l

)

⋅ nˆ dAdt * dΩ

(5.16)

ΔΩ Δt ΔA
l

*

dV dΩ

ΔΩ ΔV Δt *
l

where n̂ is the unit outward normal vector. The first term in the left hand side of Eq.
(5.16) represents the change of radiation intensity with time; the second term represents
the inflow and outflow of radiant energy across the faces of the control volume. The term
on the right side accounts for the attenuation and augmentation of energy within a control
volume and control angle. In the finite volume method, the magnitude of intensity is
assumed to be constant over the control volume and a control angle. Under these
assumptions and, using the fully implicit scheme, Eq. (5.16) can be written as
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)ΔVΔΩ

4

1

∑I
β

+

l

i =1

l
i

ΔAi Δ t *

∫ (sˆ ⋅ nˆ ) dΩ

l

(

)

= − β ml I Pl + S ml ΔVΔΩ l Δ t *

(5.17)

ΔΩ l

where I Pl 0 and I Pl are the nodal intensities at the start and at the end of the time step
respectively. On further simplification, for a control volume and a control angle Eq.
(5.17) becomes

(I
(I

l
P

)

− I Pl 0 ΔVΔΩ l
Δt

l
n

)

+

*

l
− I sl ΔA y Dcy

β

(I

l
e

)

l
− I wl ΔAx Dcx

β

(

+
(5.18)

)

= − β ml , P I Pl + S ml , P ΔVΔΩ l

(

)

l
l
l
= ∫ sˆ.nˆ y dΩ l = − Dcys
= Dcy
, ΔΩ l =
where, Dcyn

∫ dΩ ,

ΔAyn = ΔAys .

ΔΩ′

5.3. STEP Scheme
To relate the boundary intensities to the nodal intensities, the spatial difference scheme
STEP is used. In the STEP or upwind scheme the downstream boundary intensities are set
equal to the upstream nodal intensities (Fig.5.1 (c)).
I el = I nl = I Pl , I sl = I Sl , I wl = IWl

(5.19)

Applying the STEP scheme, Eq (5.18) becomes
l
⎡ ΔA D l
ΔA y Dcy
ΔVΔΩ l ⎤ l ⎛⎜ ΔVΔΩ l
x
cx
⎢
⎥I P =
+
+ β ml , P ΔVΔΩ l +
⎜ Δt *
β
⎢⎣ β
Δt * ⎥⎦
⎝

+

l l
ΔAx Dcx
IW

β

+

l l
ΔA y Dcy
IS

β

+ S ml , P ΔVΔΩ l
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The standard form of the discretization equation in control volume formulation is
a P I P = a P0 I P0 + ∑ a nb I nb + b

(5.21)

So the final discretization equation for the nodal intensities for the Dcxl > 0 and
Dcyl > 0 conditions can be written as

a Pl I Pl = a Pl 0 I Pl 0 + a wl IWl + a Sl I Sl + b l

where,

a Pl 0

=

ΔVΔΩl
Δt

*

,

a Sl

=

l
ΔAy Dcy

β

(5.22)

,

a wl

=

l
ΔAx Dcx

β

⎡ ΔAx Dcxl ΔAy Dcyl
ΔVΔΩ l ⎤
l
a =⎢
ΔVΔΩ l +
+
+ β mP
⎥ ,
Δt * ⎦
β
⎣ β
l
P

, Δt * = β c Δt

l
b l = S mP
ΔVΔΩ l

5.4. CLAM Scheme
Higher order resolution CLAM scheme (is of second order) expresses the dependent
variables (the radiative intensity in the present case) at a cell face as a function of its
values present at three neighboring grid nodes (two upstream and one downstream) from
the cell face. In this formulation a normalized intensity and a normalized coordinate is
defined as

I − IU
~
I =
I D − IU

(5.23)

x − xU
~
x=
x D − xU

(5.24)
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U

Iwf

P

w
Δx

D

Ief

IP
e

Fig.5.2 The control volume.

At face,

(

)

~
( ~x f − ~xC ) ~ 2
x C2 − ~
xf ~
~
If = ~ ~
IC + ~ ~
IC
x C ( x C − 1)
x C ( x C − 1)

~
~
I f = IC

~
for 0 < I C < 1

(5.25)

elsewhere

(5.26)

For the east face

(

)

(5.27)

Ie = I P + SCe+ + SPe+ I P

(5.28)

~
(~x − ~x ) ~
x2 −~
x ~
~
I e = ~ P~ e I C + ~ e ~ P I C2
x P ( x P − 1)
x P ( x P − 1)

where

x − xW
~
= 0.5
xP = P
x E − xW
⎛I −I
S Ce+ = I E ⎜⎜ P W
⎝ I E − IW

⎞
⎟⎟
⎠

x − xW
~
= 0.75
xe = e
x E − xW

(5.29)

⎛I −I
S Pe+ = −⎜⎜ P W
⎝ I E − IW

(5.30)
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WW
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Iw

P=C

Ie

IP

w
Δx

EE

E
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Fig.5.3 Control volume for CLAM scheme (from west to east).

For the west face,

(

)

~
(~x − ~x ) ~
x2 −~
x ~
~
I w = ~ W ~ w I W + ~ w ~ W I W2
xW ( xW − 1)
xW ( xW − 1)

(5.31)

I w = IW + SCw+ + SPw+ I P

(5.32)

where,

x − xWW
~
= 0.5
xW = W
x P − xWW
x − xWW
~
= 0.75
xw = w
x P − xWW

⎛ I − IWW
S Cw+ = − IW ⎜⎜ W
⎝ I P − IWW
⎛ I − IWW
S Pw+ = ⎜⎜ W
⎝ I P − IWW

⎞
⎟⎟
⎠

⎞
⎟⎟
⎠

(5.33)

(5.34)

For the north face

(

)

~
( ~y − ~y ) ~
y 2 − ~y ~
~
I n = ~ P ~ n I P + ~ n ~ P I P2
y P ( y P − 1)
y P ( y P − 1)

(5.35)

I n = I P + S Cn + + S Pn + I P

(5.36)

where,

y − yS
y − yS
~
= 0.5 , ~
= 0.75
yP = P
yn = n
y N − yS
y N − yS
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⎛ I − IS ⎞
⎛ I − IS ⎞
⎟⎟ , S + = −⎜⎜ P
⎟⎟
S Cn+ = I N ⎜⎜ P
Pn
−
−
I
I
I
I
S ⎠
S ⎠
⎝ N
⎝ N

(5.38)

INN
NN

IN
N
In
n
IP
P=C
Is

s

Δy
IS

S

ISS
SS

Fig.5.4 Control volume for CLAM scheme (from south to north).

For the south face,

(

)

~
( ~y − ~y ) ~
y2 − ~
y ~
~
I s = ~ S ~ s I S + ~ s ~ S I S2
y S ( y S − 1)
y S ( y S − 1)

(5.39)

I s = I S + S Cs + + S Ps + I P

(5.40)
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where

⎛ I − I SS
y − y SS
~
= 0.5 , S Cs + = − I S ⎜⎜ S
yS = S
y P − y SS
⎝ I P − I SS

⎞
⎟⎟
⎠

(5.41)

⎛ I − I SS
y − y SS
~
= 0.75 , S Ps + = ⎜⎜ S
ys = s
y P − y SS
⎝ I P − I SS

⎞
⎟⎟
⎠

(5.42)

After substituting the boundary intensities in terms of nodal intensities, we may end up
with negative intensity which is physically not acceptable. To avoid such unphysical
situation during the iteration procedure an overall positive variable treatment from
Patankar (1991) is adopted. After the treatment, the discretization equation becomes

⎡⎡
⎛
⎢ ⎢ D + D ⎜ S cn + − S cs +
cy ⎜
⎢ ⎢ cy
⎜
Il*
P
⎢⎣ ⎣⎢
⎝

(

)P

⎤
⎞⎤
⎛I ⎞
ΔVΔΩ ⎥ l
⎟⎥ ⎛ 1 ⎞
I = Dcy ⎜⎜ S ⎟⎟ −
⎟⎟ ⎥ × ⎜⎜ β ⎟⎟ + β m ΔVΔΩ +
* ⎥ P
Δt
⎝ β ⎠
⎝ ⎠
⎥⎦
⎠ ⎦⎥

Dcy S Pn + − S Ps + I l * + S mP ΔVΔΩ +

ΔVΔΩ
Δt

*

(5.43)

I Plo

Similar procedure is adopted for the other two faces intensities.
The south boundary of the computational domain is subjected to a collimated irradiation
with square as well as Gaussian pulse distribution. The radiation intensity incident on the
south boundary is given by Eqs. (3.9-3.11).
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6.1. Introduction
In this chapter the numerical results for the transmitted flux and reflected flux for a two
dimensional participating medium (Fig.5.1 (a) and Fig.6.1), subjected to short pulse
collimated radiation, are discussed. The effects of different properties like optical and
geometrical properties are also analyzed.

Both isotropic scattering and linearly

anisotropic scattering medium (with forward scattering and backward scattering) are
considered. The transient radiative transfer equation has been solved using both STEP
and CLAM schemes.

L

L

Fig.6.1 Computational domain.
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6.2. Validation of the 2-D model for steady radiation
Figure 6.2 shows a schematic of a problem studied by Kim and Lee (1989), so chosen to
show the ability of the present procedure to model problems with collimated incidence for
steady radiation. The top wall of the black enclosure (Fig.6.1) is subjected to a normal
collimated beam. The other walls are maintained at 0 K and the medium is considered to
be isotropically scattering with a scattering albedo of unity. The domain is divided into 25
× 25 uniform control volumes and 9 × 5 control angles in θ and φ directions. The
collimated radiation is captured by adjusting the control angle and the actual intensity is
solved by using the STEP scheme. A good agreement is observed between the discrete
ordinate solution of Kim and Lee (1989) and the present computation, as shown in Fig.
6.2.

0.6

Transmitted flux (Bottom wall)

0.5

Reflected flux
(Top wall)

q**

0.4

Present

0.3

Kim & Lee

0.2
0.1

Side wall energy loss

0
0

0.2

0.4

0.6

0.8

1

X or Y
Fig.6.2 Comparison of dimensionless heat flux between the present method and Kim
and Lee (1989).
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6.3. Effect of incidence angle
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(d)
Fig.6.3 Reflected and Transmitted flux at top wall and bottom wall, the side wall
energy loss at different incidence angles a) 210° b) 225° c) 240° d) 260°.
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The variation of reflected flux, transmitted flux and side wall energy loss on different
walls are shown in Figs. 6.3(a, b, c, d) for the collimated radiation at different incidence
angles. As seen from the figure, the reflected flux changes a little with the incidence
angle. The transmitted flux on the other hand, varies substantially with the incidence
angle. The transmitted flux increases considerably with increase in incidence angle. The
side energy loss curve however is of different nature. It shows that with the increase in
incidence angle, the energy loss, which is accountably high towards the top, gradually
reduces.

6.4. Effect of Transient radiation

(a)Transmitted flux for Transient Radiation.

99

Chapter 6

2-D Results and Discussion

(b) Reflected flux for Transient Radiation.
Fig. 6.4 Validation of the two-dimensional model for transient radiation with all four
black and cold walls with pure isotropic scattering.

Figures 6.4 (a) and (b) represent how the transmitted flux and reflected flux reach the
steady state from transient state. As it is seen from the Figs. 6.4(a) and (b) that, when the
non-dimensional time reaches to approximately 7, both transmitted flux and reflected flux
gradually attain the steady state.
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6.5. Validation for transient radiation

Fig.6.5 Grid Independence Test.

A grid independence test and comparison with available existing solution (Sakami et al.,
2002) was performed with different spatial and angular grid sizes. It is observed that
further refinement to the grid size of 51×51 control volumes and 9×5 control angles (polar
and azimuthal angle) results in negligible change in the results as seen from Fig. 6.5,
where the present method has been compared with the DOM used by Sakami et al. (2002)
with optical thickness as 10, scattering albedo to be 0.998 and non-dimensional pulse
width equals to 1. Although the grid test for non-dimensional time interval sizes is not
shown, it is found that the time interval size of 0.01 is producing the optimum results
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without any significant alteration. In grid independence test, it is found that there is about
38% change from grid size of 21×21 to 51×51 and about 11% change occurred from
51×51 to 101 × 101 grid sizes. Henceforth, the above grid size for space and time step are
used for further presentation of results.

Table-6.1: Transmittance values at different grid sizes for STEP and
CLAM schemes.
TIME STEP

1.00E+00
1.00E+01
2.00E+01
3.00E+01
4.00E+01
5.00E+01
6.00E+01
7.00E+01
8.00E+01
9.00E+01
1.00E+02

STEP
(21×21)
0.00E+00
1.73E-05
4.82E-04
4.61E-04
2.96E-04
1.69E-04
9.21E-05
4.95E-05
2.64E-05
1.41E-05
7.49E-06

TRANSMITTANCE
CLAM
CLAM
(21×21)
(51×51)
0.00E+00
0.00E+00
3.72E-06
5.08E-06
4.41E-04
7.86E-04
6.05E-04
9.84E-04
4.80E-04
7.66E-04
3.26E-04
5.23E-04
2.12E-04
3.47E-04
1.38E-04
2.33E-04
9.25E-05
1.64E-04
6.51E-05
1.21E-04
4.86E-05
9.48E-05
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CLAM
(101×101)
0.00E+00
3.27E-06
9.13E-04
1.16E-03
9.22E-04
6.51E-04
4.51E-04
3.21E-04
2.39E-04
1.87E-04
1.55E-04
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6.6. Performance of STEP and CLAM scheme

STEP
CLAM

(a) Transmittance with τ = 1.0, a = 0.9, ω = 1.0, εs = 0.25.

103

Chapter 6

2-D Results and Discussion

STEP
CLAM

(b) Reflectance with τ = 1.0, a = 0.9, ω = 1.0, εS = 0.25.
Fig. 6.6 Performance of STEP and CLAM scheme.

For all the cases considered, effects are examined with two different spatial differencing
schemes such as STEP and CLAM scheme. Figures 6.6(a) and (b) represent two
particular cases examined for the performance of both the schemes taking the same
optimized grid size of 51×51 control volumes and 9×5 control angles (polar and
azimuthal angle) as concluded from section 6.5. From both the graphs it is observed that
the CLAM scheme gives more accurate result as compared to the STEP scheme.
Therefore, the results with CLAM scheme are presented.

104

Chapter 6

2-D Results and Discussion

6.7. Effect of reflective wall

εn = 0.2
εn = 0.4

a = 0.0
τ = 1.0
ω = 0.25

εn = 0.6
εn = 0.8
εn = 1.0

Fig. 6.7 (a) Effect of gray north wall and other black walls on Reflectance
for a = 0.0 with τ = 1.0, ω = 0.25.

As seen from Fig. 6.7, for a given scattering albedo, as emissivity of the wall increases
and approaches the value 1 (i.e. black wall), multiple maxima of reflectance curve
gradually disappear. This indicates that as the north wall becomes more reflective, the
peak value of secondary maxima is increasing because of the cumulative effect of
reflected radiation from the wall as well as the scattering radiation from the medium.
Comparing both the reflectance curve for isotropic and linearly anisotropic scattering
medium as shown in Fig. 6.7 (a) and (b), there is a significant decrease in magnitude of
peak value till the pulse reaches the opposite wall when the medium becomes strongly
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forward scattering. This is due to more scattering in the direction of the collimated
irradiation. After the pulse is switched off, the reflectance signal starts dying out from the
medium for the black wall case. Again as a result of reflection from the wall and their
scattering in the respective direction produces a small increase in the peak value of
secondary maxima (Fig. 6.7 (b)) which broadens the reflectance curve.

εn = 0.2
εn = 0.4

a = 0.9
τ = 1.0
ω = 0.25

εn = 0.6
εn = 0.8
εn = 1.0

Fig. 6.7 (b) Effect of gray north wall and other black walls on Reflectance
for a = 0.9 with τ = 1.0, ω = 0.25.
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ε = 0.25
ε = 0.5
ε = 0.75
ε = 1.

Fig.6.8 (a) Effect of all gray walls on transmittance for τ = 1.0, a = 0.9, ω = 1.0.

Figures 6.8 (a) and (b) represent how the wall emissivity affects the temporal variation of
transmittance and reflectance in the presence of anisotropic scattering medium. As seen
from Fig. 6.8 (a) the magnitude of transmittance increases with decrease in emissivity of
the walls and also the transmittance signal remains for longer time as there is more
radiative interaction in the medium. The rate of decrease of transmittance with time after
the pulse leaves the medium gradually reduces, as a result of gray walls and forward
scattering medium. A different feature is revealed from the reflectance curve (Fig. 6.8 b),
as compared to the transmittance graph. There are multiple maxima appearing when the
walls are increasingly reflective whereas the secondary maxima vanishes in case of the
black walls. This is due to the interaction of the gray walls with the anisotropically
scattering medium which causes multiple maxima to appear. The back scattered flux gets
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added to the reflectance in case of gray wall and as a combined effect of the flux reflected
from the gray wall and scattered medium flux, the reflected flux again reaches to the
second maxima. The reflected flux starts reducing once the pulse is switched off.

ε = 0.25
ε = 0.5
ε = 0.75
ε = 1.

Fig.6.8 (b) Effect of all gray walls on reflectance for τ = 1.0, a = 0.9, ω = 1.0.
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εS = 0.25
εS = 0.5
εS = 0.75
εS = 1.

Fig.. 6.9 (a) Effect of gray south wall and other black walls on transmittance
with τ = 1.0, a = 0.9, ω = 1.0.

Figures 6.9 (a) and (b) show the influence of anisotropic scattering and wall emissivity on
the temporal variation of transmittance and reflectance when the south wall (the wall
subjected to collimated radiation) becomes gray and all other walls are black. In case of
smaller emissivity of wall, the transmittance signal remains for longer duration as there is
more radiative interaction in the medium. This can be easily observed from the different
time rate of decrease of transmittance after the pulse leaves the medium.
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εS = 0.25
εS = 0.5
εS = 0.75
εS = 1.

Fig.6.9 (b) Effect of gray south wall and other black walls on reflectance
for with τ = 1.0, a = 0.9, ω = 1.0.

As seen from the reflectance curve (Fig. 6.9 b), there is a little variation in the peak value.
The broadening of curve with decrease in wall emissivity indicates that the signal is
relatively significant even after the pulse is switched off. This is due to the effect of the
gray south wall and the forward scattering medium. Forward scattering increases the
maximum value of the transmitted peaks, whereas there is no significant change in the
maximum value of reflectance. The observations from the figures are in accordance with
the isotropic scaling rule, which states that forward scattering can be scaled into isotropic
scattering with a smaller scattering coefficient while backward scattering can be modeled
by isotropic scattering with an increased scattering coefficient.
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6.8. Effect of optical thickness

τ = 1.

τ = 2.

τ = 5.

Fig. 6.10(a) Effect of optical thickness on transmittance
for a = 0.0, εe = εw = εn = 0.25, εs = 1.0 and ω = 1.0.

Figures 6.10 (a) and (b) present the influence of optical thickness on transmittance and
reflectance when all the boundary walls are gray except the wall subjected to irradiation.
As expected, the magnitude of transmitted signal goes on reducing with increased optical
thickness. As the pulse leaves, transmittance signal will tend to leave the medium much
faster when the optical thickness of the medium is less. As it is observed from Fig. 6.10
(b), there are multiple maxima disappearing with increased optical thickness which
indicates the dominance of optical thickness over the wall emissivity. The interesting
features observed here are that the magnitude of reflectance reduces sharply in case lower
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optical thickness because higher optical thickness allows radiative interaction in the
medium for a longer duration.

τ = 1.
τ = 2.
τ = 5.

Fig. 6.10 (b) Effect of optical thickness on reflectance
for a = 0.0, εe = εw = εn = 0.25, εs = 1.0 and ω = 1.0

112

Chapter 6

2-D Results and Discussion

6.9. Effect of scattering albedo

a = 0.9

τ = 1.0
ω = 1.0

εn = 0.6

ω = 0.75
ω = 0.5
ω = 0.25

Fig. 6.11 (a) Effect of scattering albedo on transmittance
for a = 0.9, εe = εw = εs = 1.0, εn = 0.6.

Figure 6.11 represents the effect of scattering albedo on transmittance and reflectance
with gray north wall. From Fig. 6.11 (a), it is observed that the magnitude of
transmittance goes on increasing with the increased scattering albedo because of more
and more scattering in the medium. Also as there is more radiative interaction in the
medium, the transmittance signal continue to emerge out for longer duration for higher
scattering albedo even after the pulse has left the medium. Figure 6.11 (b) indicates about
the different features of reflectance curve as the irradiation passes through the
anisotropically scattering medium. Multiple maxima seen in Fig. 6.11 (b) are due to the
net result of strongly forward scattering medium and reflective wall. As the medium is
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strongly forward scattering, the reflected radiation from the wall is scattered more in its
direction of propagation. This is the cause for the magnitude of the peak of secondary
maxima to continuously increase with large value of scattering albedo. The reason for the
magnitude of primary maxima to be increased is due to the sole effect of scattering of
collimated irradiation in the anisotropically scattering medium.

a = 0.9
ω = 1.0
ω = 0.75

τ = 1.0
εn = 0.6

ω = 0.5
ω = 0.25

Fig. 6.11 (b) Effect of scattering albedo on reflectance
for a = 0.9, εe = εw = εs = 1.0, εn = 0.6.
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6.10. Effects of emissivity

εn = 1.0

εn = 1.0

εn = 0.8

εn = 0.8
εn = 0.6

εn = 0.6

a = 0.0
τ = 1.0
ω = 1.0

εn = 0.4

εn = 0.4

εn = 0.2

εn = 0.2

(a)

(b)

Fig. 6.12 Effect of emissivity on (a) transmittance and (b) reflectance
for τ = 1.0, a = 0.0, ω = 1.0.

Figures (6.12), (6.13), (6.14) and (6.15) represent the effects of emissivity on the
transmittance and reflectance for different values of scattering albedo ranging from 1.0 to
0.25 when the media is isotropically scattering. There is a significant decrease in the
peak value of reflectance curve as the scattering albedo decreases. This is due to the fact
that, as scattering of the collimated radiation reduces, the amount of flux reaching the
opposite wall also reduces. The first interesting feature observed here is that for
increasing value of scattering albedo, the peak value of secondary maxima for reflectance
goes on increasing even though there is a negligible change in the peak value of primary
maxima. The second interesting feature is that the magnitude of peak value of primary
maxima is reduced as compared to that of the secondary maxima. These two features
observed are mostly due to the order of change of emissivity. Also an increase in
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temporal broadening is noticed in the reflectance curve for increasing value of emissivity.
The secondary maxima vanishes as the emissivity of the wall goes on decreasing. The
change in the maximum value of transmittance is very marginal even though there is an
increment in emissivity.

εn = 1.0

εn = 1.0

εn = 0.8

εn = 0.8

εn = 0.6

εn = 0.6
εn = 0.4

εn = 0.4
εn = 0.2

εn = 0.2

(a)

(b)

Fig. 6.13 Effect of emissivity on (a) Transmittance and (b) Reflectance
for τ = 1.0, a = 0.0, ω = 0.75.

εn = 1.0

εn = 1.0

εn = 0.8

εn = 0.8

εn = 0.6

εn = 0.6

εn = 0.4

εn = 0.4

εn = 0.2

εn = 0.2

(a)

(b)

Fig. 6.14. Effect of emissivity on (a) Transmittance and (b) Reflectance
for τ = 1.0, a = 0.0, ω = 0.5.
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εn = 1.0

εn = 1.0

εn = 0.8

εn = 0.8

εn = 0.6

εn = 0.6

εn = 0.4

εn = 0.4

εn = 0.2

εn = 0.2

(a)

(b)

Fig.6. 15. Effect of emissivity on (a) Transmittance and (b) Reflectance
for τ = 1.0, a = 0.0, ω = 0.25.
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Conclusions and Scope for Future Work

A numerical investigation on the collimated radiation passing through a participating
medium has been successfully carried out to analyze the unique features of transient
radiation involved in the process. General conclusions that stemmed from this analysis
are presented here, together with a brief recapitulation of some of the important remarks
made earlier.

7.1. Conclusions
From the present investigation, we can draw the conclusions as follows:
 In the proposed approach, one does not have to split the intensity of radiation into

diffused and collimated part.
 Transmittance decreases with increase in optical thickness, whereas a reverse

trend is observed with scattering albedo.
 As a result of forward scattering, transmitted pulse peak is enhanced but the pulse

width is reduced whereas the backward scattering decreases the transmitted pulse
peak but augments the pulse width.
 For a particular optical thickness, as the boundary emissivity decreases, two local

maxima are appearing in reflectance variation due to reflective wall condition.
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 However, the secondary maxima appeared vanishes as the scattering albedo is

either increased or decreased.
 Moreover, transmittance signal is quite stronger even after the pulse is switched

off, when the boundary becomes more gray.
 Both the schemes (STEP and CLAM) give almost similar predictions in case of

one-dimensional problem although CLAM scheme gives more accurate results
than the STEP scheme in case of the two-dimensional problem.

7.2. Scope for Future Work
The proposed formulation is believed to be capable of solving a class of radiative
heat transfer problems in participating media and can be easily extended to more
complicated problems. The suggested numerical method may be beneficial in solving
three-dimensional homogeneous as well as non-homogeneous participating media. The
finite volume method may also be extended to refine the solution taking other higher
order schemes like SMART etc. The problem may also be solved with a series of pulses.
The same can be extended to one, two and three-dimensional problems with temperature
dependent optical properties.
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APPENDIX-1:
BACKGROUND OF CURVED LINE ADVECTION
METHOD (CLAM)

In this scheme, the normalized face value is approximated by a combination of linear and
parabolic characteristics passing through the points, O, Q, and R in the Normalized
Variable Diagram given in Fig. A1.1. The advected variable at face passing through Q in
the shaded region is necessary and sufficient condition for second-order accuracy (Alves
et al., 2003).

1

Ĩf

R
CLAM

Q

×
STEP

1
0

O

ĨP
Fig.A1.1: Normalised Variable Diagram

In this formulation the advected variable I is normalized as

I − IU
~
I =
I D − IU

(A1.1)

and the normalized coordinates can be given as

x − xU
~
x=
x D − xU

(A1.2)

where the subscripts U and D refer to the upstream and downstream cells to cell P which
is, itself, upstream of the cell face f under consideration, as shown in Fig. A1.2.
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Fig.A1.2 : The control volume.

In general, any differencing scheme (of third-order or less) that evaluates a cell face value
“f” as a function of the neighbor cell values (U, P and D) can be written under a
~
~
simplified functional form, I f = f I P , where the normalization defined by Equation

( )

(A1.1 and A1.2) is employed.
Normalized variables for CLAM scheme can be written as

~
0 < IP < 1

~
~
~
I f = a + b I P + c I P2

for

~
~
I f = IP

elsewhere

(A1.3a)
(A1.3b)

Equation A1.3 can be solved with following boundary conditions.
Y=0

at

X = 0,

(A1.4a)

Y=1

at

X=1

(A1.4b)

Y = YQ

at

X = XQ

(A1.4c)

The above boundary conditions (A1.3a and A1.3b) gives,
a = 0 and

b + c = 1.

Now at point “Q”,
YQ = b X Q + c X Q2 = (1 − c ) X Q + c X Q2
The above equation gives, c =

(A1.5)

(YQ − X Q )

(X

2
Q

⎛ YQ − X Q
such that, b = (1 − c ) = 1 − ⎜ 2
⎜ XQ − XQ
⎝

− XQ

)

⎞
⎟ , or
⎟
⎠

(Y
b=
(X

Q

137

− X Q2

Q−

X Q2

).
)

Substituting the above values for the respective faces the following statements can be
reached.
For the east face

(

)

~
(~x − ~x ) ~
x2 −~
x ~
~
I e = ~ P~ e I C + ~ e ~ P I C2
x P ( x P − 1)
x P ( x P − 1)

(A1.6)

where

x − xW
~
= 0.5
xP = P
x E − xW

and

x − xW
~
= 0.75
xe = e
x E − xW

uniformly spaced grids.

(A1.7)

Substituting the above values in Eqn.(3)

(A1.8)

After simplifying the above equation, the following argument will be obtained:

I e = I P + S Ce+ + S Pe+ I P
where

⎛I −I
S Ce+ = I E ⎜⎜ P W
⎝ I E − IW

⎞
⎟⎟
⎠

⎛I −I
S Pe+ = −⎜⎜ P W
⎝ I E − IW

⎞
⎟⎟
⎠

(A1.9)

Similarly the intensities at other faces of the control volume can be determined. Finally all the
face values and nodal values of intensities are substituted in the basic equation of radiative
intensity.
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