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Introduction

1 Some Terms Associated With Control Theory

The theme of this chapter is to introduce some basic concepts and re-
sults related to Control theory which will be required latter. The first two
sections deals with control theory on a vector space .The particular sec-
tion contains some definitions and results for control systems on a vector
space.Where as the last section provides an preface of geometric control
theory. A description of control theory on a manifold is given.The chap-
ter ends with some well-known results of control theory on Lie groups.A
general exposition is given and some results without proofs are presented.
Further details can be found in the cited references.

1.1 Control System

Let V be an n-dimensional vector space , called the state space,and let
(xV be a state vector. A control system o on V is defined by

y = fly,u(d)), x(to) = o (1)

where the control functions u belongs to a class Uof admissible controls
with values in a subset of R™ and f is continuously differentiable.It is

provided that sufficiently smooth control function (ueU), is a solution of
the system termed as a trajectory, is determined. Such type of solution
can be explained using the transition function ¢. Specifically ¢(t, ¢y, zo, u)
denotes the state that results at time t if the system was in state zy at
time ty and the control u was applied.



Definition the state z can be reached from the state x if and only if
there is a trajectory of o whose initial state is x and whose final state is
z,that is , if there exist wU such that ¢(t;,0,2,u) = z. One can also say
that x can be controlled to z. The controllable set at ¢; is the set of initial

states that can be controlled to the origin in time ¢; using an admissible
control , that is,

C(t1) = zo : ¢(t1,0, 29, u) = 0forsomeuel (2)
The controllable set C is the set of states that can be controlled to the
origin in any finite time i.e,

C' = up,~—C(t1)

The system o is called controllable at x if z can be controlled to x for all
zeV Therefore , o is controllable at the origin if and only if C=V.

If all initial states can be controlled to x for all xeV' | then the system o is
controllable.

1.2 Linear Control Systems

A linear control system o is defined as
Tt = Ax + Bu

where A(n,n)and B(n,m) are scalar matrices and the dimension of the state
space is n and the control ueU, where U is the class of integrable functions
of t. The solution of the system 2 starting at xy has the form

z(t) =

we can define the exponential of a matrix by the using the definition of
infinite series
Ak
cap(A) = —
It follows that xpeC(¢;) if and only if there is an admissible control uelU
such that

g = —exp(—A
The following lemma shows some controllability equivalences for a linear
system.



Lemma 1. If ¢ is a linear control system , then

(i) State space(x) is controllable to another State space (z) iff the origin 0
is controllable to z — exp(At)x.

(ii) The Control system o is controllable iff the origin is controllable to y
for all ye R™.

Proof . (i) Note that x can be controlled to z that implies there exist an
admissible control ueU such that

z = exp(At)(x+

z — exp(At)x = exp(At)(exp(—A)
the origin can be controlled to z — exp(At)x by definition.

Proposition C(t1)and C are both symmetric and convex.

Example Consider the linear system given by the following state equations
T1 =1+ U To =Ty + U

where uelU;, and the matrices A and B are given by

[t

so we have that x=(z1,x2) belongs to C(ty) if

ty
T = —/ exp(—T)urdT = x9
0

since |u| <1 then |z1| <1 — exp(—ty).

Therefore, C(t1) is the closed diagonal segment C(t;) =x1=xo:|z1] < 1 —
exp(—t1) and C is the open diagonal segment C=x1=x9:—1x; < |1.

In general , it would be impossible to control both components simultane-

ously with identical controls.To control both components using the same
control , the initial deviation of the component must be equal.

To get controllability there are two necessary conditions on the controllable
set, namely it must have full dimension and be bounded.



1.3 The Reachable Set

In this section the properties of the reachable set for the linear systems are
presented. These properties will be compared to results of linear systems
on Lie Groups.

Define the reachable set R(x,t; as the set of points that can be reached
from the initial state xy in time t;. As we know there is a reciprocal
relationship between reachable sets and the controllable sets , namely if
z € R(xg,t1) then xy € C(z, ).

if the system o is linear then z7 € R(x¢,t;) implies

ty
x1 = exp(Aty)(xg —|—/ exp(—AT)Bu(T)dr)
0
for some v € U. The following results are straightforward.

Proposition. If the system o is linear tehn R(z,t) = exp(At)xo + R(0,1).
The property that any point in R" can be reached from the origin is called
reachability.



2 Some Terms Associated With Lie Group and their
Lie algebra

In simple geometry Lie groups are smooth manifolds. They can be studied
using differential calculus ,They are the most general admirable space than
that of topological spaces .

Definition: A well defined set G is termed as a Lie group if it satisfies the
following conditions:
1)If Set G is a smooth manifold.

2)Must satisfies the Group properties.

3) The all Group operations must be smooth.

2.1 Lie Algebra

Let K be a field. A Lie algebra over K is an vector space L, along with a
bi-linear map, known as Lie bracket given by:

LxL—L,(x,y— [z,y])

this lie bracket satisfies the following properties:

ly,y] =0 (4)
[z, [y, 2] = [y, [z, 2]] + [2, [, y]] (5)
This [.,.] is also known as commutator of Lie algebra.

2.2 Relation between Lie group and its Lie algebra

In the general theory it has been shown that the structure( vector space)
of the Lie algebra of a Lie group is isomorphic to the tangent space at
the identity element of the Lie group. Consider in GL(n,C) a subset of



operators depends onto a real parameter t and satisfies A(0) = 1, where 1
is the identity operator on the given vector space V.Now we can consider
the tangent vector at ¢t = 0 with the aid of Taylor’s expansion of A(t) upto
first order term.

A(t) = A(0) + N(t) + O(t?)
where N determines the derivative of A(t) at t=0.

Hence these linear operators N obtained by this way are the elements of Lie
algebra of GL(n,C"). With the help of the basis elements k1, ko, ..., k, these
operators can be represented by n X n matrices say n;; .On consideration
of all possible smooth curves through the unit element of the group ,we
will be having a vector space of the Lie algebra whose dimension will be
n? consisting of nn matrices. Now in order to obtain the Lie bracket of the
elements i.e. for M, N € N(n,C), assume the group commutator:

C(t) = A)BH)A™ (t)B~(t)

Here (0) = M and (0) = N represents the tangent vectors of C(t).After a
very simple calculation we will be having the following result:

[M,N] = MN — NM

It can be easily seen they both can be easily achieved by using exponential
mapping which is given as:

exp: M € gl(n,C) — expM € GL(n,C)

Hence we are provided with the technique to obtain the Lie algebra corre-
sponding to Lie group.



3 Control Theory Using Lie Groups

3.1 Pontryagin’s Principle

Pontryagin’s Maximum Principle applies to a particular type of problem
called a Bolzano Problem. Most optimization problems can be put into the
form of a problem involves a number of state variables which can change
over time where time t runs from 0 to T. Let us suppose the state variables
are Y1(t),Ya(t), Y5(t)...Y,(f) The target is to minimize

V(T) = Yi(T) + Yo (T) + ... + ¢, Yo (T)

where we are provided with the initial points Y;(0), Y2(0), ..., ¥,,(0) , here
the coefficients are provided with certain conditions and T is some definite
finite time. Suppose we are provided with steering functions for controlling
the changes in the state variables IL.e.

dY;

d_tl:fl(}/h}/%"'7Yn7u17u2"”un) (6)

dY:

d_t2:fQ(}/hY%"'7Yn7u17u2"'7un) (7)
(8)
(9)

dyY,

E :fn(Yi7Y277Yn7u17u2’un) (1())

where the variables uq, uo, ..., u, are functions of time and are called the
control variables. Our aim is to determine the control variables at each
point in order to steer the state variables from their starting states. i.e.

Y1(0), Ya(0), ..., Ya(0)

, to some point
Yi(T),Ys(T), ..., Y, (T)

such that
V(T) =caYi(T) + coYo(T) + ... + ¢, Yo (T)

is minimized.



Pontryagin’s Maximum Principle provides us a very clean,appreciable and
systematic solution.

3.2 Hamiltonian function

To implement Pontryagin’s method one defines a stable function which
could help us in approaching the desired task.We are defining the Hamil-
tonian function which is given as follow :

H=opifi+pafo+ ...+ onfn

= Z%’fi

where these @1, @9, ..., are ad-joint variables, such that

dt Y,

= — Z@j(g—{é)

where ¢;(T) = ¢;.

Hence the value of control variables are obtained at time T which maxi-
mizes H are termed to be optimal values.

3.3 Poisson structure

A Poisson structure on a smooth manifold SM is a Lie bracket {.,.} on
the algebra of smooth functions which subjects to the lebinitz rule , It is
given by:

{AB,C} = A{B,C}+ B{A,C}

where A ,B,C are the smooth functions of the manifold .

Else in simplest form we can define this structure on a vector space of
Smooth functions on SM as a Lie algebra given by:

Yy = {A4,.}:C® = C™



such that Y4 will act as a vector field for each smooth function A.

Definition

Let us consider SM be a smooth manifold and C>*(SM) represents the
algebra of smooth functions defined on SM. Hence Poisson structure on
SM is given by:

{,.} :C®(SM) x C*(SM) — C*(SM)
satisfies the following three conditions:

(A, B} = — {B, A} (11)
{A,{B,C}} + {B,{C, A} + {C.{A,B}} = 0. (12)
{AB,C} = A{B,C} + B{A,C} (13)



4 Schrodinger Group

The Schrodinger group for one dimensional particle is given by :
L OU(y,t) R Pd(y,t)
th—————= = —

ot 2m  Oy?

where the particle has to be described by the wave function which is given
by (3, ). as it satisfies

Wy, 1) K PPy, t)

. _
BT om o2

It ha s already proven that the Schrodinger equation is invariant under
conformal coordinate transformations

y at+ 08 , ay+ut+c

T htr0Y T Tt ro

,a2:5a—/5’y750

Hence as a result the it forms a group known as Schrodinger group, whose
basis elements are given by:

0
Ay = —th— 14
=iy (14)

A2

Ay =1L 1
=21 (15)
Ag = tAl —my (16)
1
t

A5 = t2A2 — E(yAl + Aly) + %yQ, A6 = 0. (18)

Now using the Exponential mapping we can obtain the Schrodinger Lie
Algebra from the group. Also it can be very easily seen that the basis
elements for this Schrodinger Group also satisfies all the properties of Lie
Bracket. Hence they form a algebra. The commutation table for the ele-



ments of Schrodinger Lie algebra is given by:

[., ] Al AQ AS A4
Ay 0 =241 Ay 0

Ay 24, 0 =245 Ay
As —Ay 243 0 A
Ay 0 Ay —A5 O

As —As A 0

As 0 0 0 0

o O O O O




5 Left-Invariant Control Problem on the Schrodinger
Group

In this section we are considering the left invariant control affine system on
Schrodinger Lie Group. Here we are showing that any left invariant control
problem can be lifted to a Hamiltonian system on the dual of Schrodinger
lie algebra.Also here we are deriving the reduced Hamiltonian equations as-
sociated with extremal curves obtained by describing Lie-Poisson structure
on dual space of Schrodinger Lie algebra .

Theorem The constants of structure of the Schrodinger Lie algebra are
given by: where A;,As,A3,A4,A5,A is the canonical basis of Schrodinger
Lie algebra, i.e.:

Then we have successively:

(A1, A1) = ¢, Ay

1 2 3 4 _ 5 6 _
cp=cp=¢1=¢13=0¢1=¢;=0

(A1, As] = ¢, Ay

1 2 3 4 5 6 _
Clg = Cjy = Clg = Clg = €]y = Clg = —2

(A1, As] = cf3A),

1 2 3 4 5 6 _
Cl3=C3=C3=C3=c3=c3=1

[A1, Ad] = e1, Ay

1 2 3 4 _ 5 _ 6 _
Cy=Ccly=¢cyy=cy=cy=c, =0

(A1, As) = cf5 Ay,

1 2 3 4 5 6 _
Cly =Cl5 =Cl5 =C5=C5=0C5=1

[A1, Ag] = cleAr

1 2 3 _ 4 5 6 _
C1g = Cig = Cig = C16 = Cig = C16 = 0

[As, As) = b, Ay

1 2 3 4 5 6 _
Cog = Coy = Chy = Cgg = Chy = Cy9 =0



[As, A3] = b5 Ay

1 2 3 4 5 6 _
Cog = Ca3 = Chg = Cgg = Ch3 = Cy3 = —2

[As, A4] = b, Ay

1 2 3 4 5 6 _
Cyy = Cyy = Cyy =Cyy =Cyy=0Cyy =1

[As, As] = cb; Ay,

1 2 3 4 5 _ 6 _
Cop = Co5 = Coy = Cg5 = Co5 = Coy5 = —1

[As, Ag] = chsAs

1 2 3 4 _ 5 _ 6 _
Cog = Cog = Chg = Cog = Cog = Cyg = 0

[As, As] = cl3 Ay,

1 2 3 4 __ 5 6 _
(33 = C33 = (33 = C33 = C33 = C33 = 0

[As, Ay = b, Ay,

1 2 3 _ 4 5 6
C3y = C3q = C3y = C3y =Cyy =C3y =1

[As, As] = ci; Ay,

1 2 3 4 5 6 _
C35 = C35 = (35 = C35 = C35 = C35 = 0

[As, Ag] = cigAy,

1 2 3 4 5 6
C36 = C36 = C36 = C34 = C36 = C36 = 0

[Ay, Ag] = ], Ay

1 2 3 4 5 6
Ciyy =Cpy =Cyy=Cyy=Cyy =0y =0

(A4, As] = ci; Ay,

1 2 3 4 _ 5 6
Cis = Cps = Cp5 = Cg5 = Cp5 = Cg5 = 1

[Ay, Ag] = s A

1 2 3 _ 4 5 6
Cig = Cip = Cig = C45 = Cyp = Cyg = 0

[As5, As] = cks Ay,

1 2 3 4 5 6 _
Cp5 = Ch5 = Chs = Cy5 = Cgp = C5 = 0

[A5, Ag] = ckg Ay,

1 2 3 4 5 6
C56 = Ch6 = C6 = Cs6 — Cpg — Cg6 = 0



[Aq, Ag] = cisAr

1 2 3 4 5 6 _
Cé6 = Co6 = Co6 = Co6 = Co6 — Co6 — U

As a consequence we obtain:

Theorem The minus Lie-Poisson structure on dual of Schrodinger Lie al-
gebra is given by the matrix:

[0 24 —A 0 —Ag 0
24, 0 243 —A, A; O
Ay —24; 0 —A; 0 0
0 Ay As 0 —A 0
Ay —A; 0 As 0 0

\ 0 0o 0 0 0 0)

(20)

Remark 1 It is easy to see that the function C given by

C(Py, Py, Ps, Py, Ps5, Ps) = PLP, P3Py Ps Py

is a Casimir of our configuration (h(3),7_) i.e.
(AC) .- =0

Theorem There exist the following two types of controllable drift-free left
invariant systems on Schrodinger Lie Group, namely

X = X.(A1u1 + A2u2 + A3U3 + A4U4 + A5U5 + A6u6)

and
X = X.(A1u1 + AQUQ + A3U3 + A4U4 + A5U5)

Proof
The proof is a consequence of the Table 1 and Chow’s theorem.



6 An optimal control problem on Schrodinger Lie
Group

Let
Ty
J (uy, ug, us, Uy, Us, Ug) = 1/2(/ (cru? 4 couj + cau3 + cqut + cxui + coul)dt
0

(c1, ¢, c3,¢4,C5,c6 > 0) be the cost function. Then the problem which we
intend to solve is the following: find wy, us, us, w4, us, ugthat minimize J and
steer the above system from X =0 att = 0 to X = Xy at ¢t = ¢;. We have
the following results:

Theorem The optimal controls of the above problem for our system are
given by

uy = Pi/c
uy = Py/cy
uz = P/c3
uy = Py/cy
us = Ps/cs
ug = Pg/cg

where P; are solutions of the system:

_2PP, PPy P}

o) _ 5
Co C3 Cs
. —2P? 2P} P} P?
P2 — 1 3 74 + 5
C1 C3 Cq Cy
. PP, 2PP, P,Ps
Py = - -

1 €2 Cq



_P4P2+P3P5 P Ps

P,
Co C3 Cs
: PP PP FsP
P4: 41_|_ 205 1614
C1 Co C4
Ps=0

Proof.
Let us take the extended Hamiltonian H given by:

1
H = Piuy + Poyus + Pyug + 5(011@ + cou3 + c3ul + cqui + csui + coup)

Then using the maximum principle, we have the conditions:

oOH
— =0
8u1
oOH
— =0
8u2
oOH
— =0
8U3
oOH
— =0
8U4
oOH
— =0
8U5
oOH
—— =0
811,6
which lead us to:
P1 = C1u1
P2 = CU9
P3 = C3Us3
Py = cyuy
P5 = CyU5

Ps = ceug



and so the reduced Hamiltonian (or the optimal Hamiltonian) is given by:

:1512+P_22+P_?’2+53+552+P_62)

H =
2 ¢ Co C3 C4 Cs Co

It follows that the reduced Hamilton equations have the following expres-
sions:

Pl [ 0 2A1 —AQ 0 —AG 0] %
b 24, 0 2435 —Ay As 0 =
Py| _ | A =243 0 -4 0 0| ?
Py 0 Ay Ay 0 —4 0 .
P Ar —As 0 4 0 0 B
2 0 O 0 0 0 0] i

as required. It is easy to see that the reduced Hamilton’s equations can be
put in the equivalent form:

_2PP, PPy P

b C2 €3 Cs
p,_ 2P0 2% 2t 2P
C1 C3 Cq Cs

P PP B 2P P _ PP,

5 C1 Co Cy

P4 _ ) n PPy _ kP;

C2 C3 Cs

P5 _ PP, _ bR _ kP,

C1 C2 Cq

FPs=k

Theorem 5. The controls uq, us, ...u, are given by sinusoidal s, More ex-
actly
I 1 <—p2251 + D12

U = —COS 4 | —
c1 Co pi + 13

)t+01



lr . c3 [ —paps +
’LL1:—281D _3(—;04]93 p34>t+02

Co ¢t \ P+ pi
[ cs [ —peps +
Uy = 3 ocos |2 <—p62p5 2])56) t+ Cy
C3 C6 D5 + Dg
Proof Let us assume that :
2 2
& + & — l%
C1 (6)
2 2
]ﬁ + & — l%
C3 C4
2 2
]ﬁ + & = l%
Cs Ce

On Substituting these values in Reduced Hamiltonian system of equation
, the equation becomes :

2 2 2 2 2 2
&_'_@4_&4_&_'_&_'_%:[2
C1 Co C3 Cq Cy Ce

B+h+GE+E+E+E=10

For the convenience of the proof let us assume
P1 = lly/Cl COS @1

pa = l14/c28in 64
p3 = lay/c3 cos Oy
Py = lg\/C4 810 O
ps = l34/C5 cOs O3
p1 = l31/C65in O3

such that we have:

p1 lycos©,
ul = —— ——

C1 \/6_1

Py lysin ©,
u2 = —= —

o VG2



. D3 . lg COS@Q

us s \/0_3
o P4 o l2 sin @2
Ug = et \/0_4
_ ps l3cosO3
Us Cs \/0_5
pe  l3sin O3
Ug — — — ————

Co V6

now on simplifying we have :

take derivative of 6 ,as a result we have :
e (T
- S

0 — |4 (—p2ﬁ1 + D12
L=/ -\ 2 .2
C2 P1+ D3

It clearly implies :

>t+C’1

_|c3 [ —Ppap3 + P34
Oy = — 2 2
C4 p3 + i

Cs [ —PePs5 + P56
O3 =/ — 2 2
Ce Ps + Dg

)t+02

>t—|—03



as a result we obtain the solutions given by :

Uy

U1

Uy

[ C1
= —COS,4/—
C1 C2
ly . C3
= — SN,/ —

( p22p1 2p12> L4 Oy
P+ P

_ ) +
( p42]93 2]934) L+ Oy
P3 + Py

[ cs [ —peps +
:—3(:05,/—5 <—p62p5 2]956)75+Cg
C3 Ce D: + D



7 Stability associated with Lie Groups

7.1  Stability associated with Schrodinger Lie Algebra

We investigate the stability nature of the dynamical system shown above

, The equilibrium states are
PM1 = (M,0,0,0,0,0),
PM2 = (0,M,0,0,0,0),
PM3 =(0,0,M,0,0,0
PM4 =(0,0,0,M,0,0),
PM5=(0,0,0,0, M,0),
. PM6 =(0,0,0,0,0, M),

)
),
)
)

S ok =

here M € R\0) and the origin (0, 0, 0,0,0,0).

Proposition

The equilibrium state PM1 = (M, 0,0,0,0,0) has the following behaviour:

1. If k(constant) is positive, then state is non linearly stable.

2. if k(constant) is negative , the state is not stable. For all ¢y, ca, c3, ¢4, ¢35, Cg
the equilibrium state is unstable:

Proof : For calculating the eigen values of the derived dynamical system
we have to obtain the linearization matrix which is actually the Jacobian

matrix of the dynamics of the system. That is, we have P = F(P)

matrix of the linearization is the Jacobian of F.

- 2P
_ip
B
DF@) =1 %
P,

0

B
Co C3

0

B 2B

c c
1&3
c
5
C2

0

_p, -P, P,
B, Sp 2B
c c c
*23}32 ?)5 —Hi
E B pnk
R
C1 C2
0 0 0

, SO

(21)



Thus The matrix of the linearization of the system at PM1 is

I 2200 0 0]
—— 0. .00 00
M
0 < 00 _Ok 0 (22)
00 00 20
0 0 0% 00
|0 0 00 0 0]
with eigenvalues are A = 0, A = Z—Afg,)\l = _68;]0\52 Since c¢q, ca, €3, C4, C5, Cg

are > 0.

For k = positivevalue as a result the Real(\) are >= 0

Hence the state is unstable by using the theory of stability.

For k= non positive value ,the stability is to studied using casimir energy
function: Let Hy be the (energy-Casimir) function given by

1/ P? P? P? P? P? P?
HP PP PP B = 3 (04 (2 4+ ()4 (2 4+ ()4 () )4
C1 Co C3 Cy Cy Ce
where ¢ € C*(R,R). The first variation is
OHy( Py, Py, Py, Py, Ps, Pg) = (FL20) - (F202) 4 (2t o (F400) - (P ) o (£l

OHy(Py Py P3Py P5 Ps) (01 Py P3Py Ps Ps + P102 P3P, p, pyt Py Py0s+ Py Py Pyt PPy P30, Ps Pot PPy P3Py
equals to zero if and only if

$(0) =0
The second variation at PM1: 9*H,, = 2—% SR S R S
1 C2 Cc3 Cyq Cs
is positive definite for PM1 Hence by energy casimir function , the given

Equilibrium state is nonlinearly stable.

In a similar manner, we can prove the following result.

Proposition. The equilibrium state P€M2 = (0,M,0,0,0,0) has the follow-
ing behaviour:

1. If cie3 < 3, then state is not linearly stable.

2. if cic3 > 3, the state is non linearly stable.



Proof.The matrix of the linearization is the Jacobian of F is given by :

IS T R i R & R & — Py ]
B B2 -3p, - —040
D(F(p)) = (8 “p® B B "k 0 (23)
L Y S
|0 0 0 0 0 0
Thus The matrix of the linearization of the system at PM2 is
(220 2 0 0 0]
oo 0 0 0 O
M —2M
= 0= 0 0 0
a oMk (24)
o o0 0 = =% 0
Co _]C\j
00 0 0 =0
| 00 0 0 0 0]

after the calculation of characteristic matrix the eigenvalues can be found

. , )
which are given by : A = 3, /&A%
C2 cic3

proof the provided results.

using previous results we can easily

Proposition. The equilibrium state P3 = (0,0, M, 0,0,0), PM4 = (0,0,0, M, 0,0)
and PM5 = (0,0,0,0, M,0) are non linearly stable.



8 Conclusion

In this project we tried to cover the possible aspects of mathematical con-
trol theory, especially Left invariant optimal control on the very impor-
tant physical Group ”Schrodinger Lie Group”. Here we tried to restrict
our-selves only in the mathematical aspects,as a result we concluded the
stability factors of Schrodinger Lie Group at various equilibrium states.
However this group is related to many physical phenomenon, which are
interesting to physicist .We hope our study will be lead to a small step
towards such type of investigation.



9 Gaps

There are many things yet to be concluded:

1) We think Elliptic Jacobi integration may be possible for the optimal
control that are determined by us. In future we will surely find a suitable
way to solve this type of integration in this left invariant dynamical system.

2) More Casimir functions can be calculated in future.As only one Casimir
operator has been determined in this scope of paper.

3) Here the most general form of left invariant control systems is adopted
for calculation of optimal controls, in future more realistic and suitable left
invariant dynamical systems can be defined.
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