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ABSTRACT

First time introduced in the year 1999, the balancing numbers are extensively studied. Each
balancing number is associated with a Lucas-balancing number and are useful in the compu-
tation of balancing numbers of higher order. In this report, we study the sums of k-balancing
numbers with indexes in an arithmetic sequence, say an+r for fixed integers a and r. Also

an infinite family of Pell’s equations of degree n>2 are discussed.
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Chapter 0

Introduction

The concept of Fibonacci numbers was first discovered by the famous Italian mathematician
Leonardo Fibonacci. The Fibonacci series was derived from the solution to a problem about
rabbits. They can be obtained by the recursive formula [11,12],

Foii=F,+F,_ for n>2,

with initial values F; = 1, F; = 1. Falcon and Plaza [9] studied k-Fibonacci numbers with in-
dices in an arithmetic progression. For any integer number k > 1 the k¥ Fibonacci sequences,
say {Fin}nen is defined by the recurrence relation

Feni1 =kFip+Fepo1 for n>1,

with initial values Fo =0, F;; = 1.

In the year 1999 Behera and Panda introduced the concept of balancing numbers. Balancing
numbers n and balancers r are solutions of the Diophantine equation (3,4, 8],

14+24+...+(n—1)=m+1D)+n+2)+...+(n+r).

6, 35 and 204 are balancing numbers with balancer 2, 14 and 84 respectively.

They also proved that the recurrence relation for balancing numbers is
Bn+1 = 6Bn _Bn—l for n > 2,

where B, is the n'" balancing number with B; = 1 and B, = 6. It has already been proved that n
is a balancing number if and only if #? is a triangular number, that is 8n% + 1 is a perfect square.
If n is a balancing number, C,, = v/8n? + 1 is called a Lucas-balancing number [3,4, 8].

The recurrence relation for Lucas-balancing numbers is same as that of balancing numbers,
i.e,
Cn+1 = 6Cn —Cnfl for n > 2,

where C,, is the n'" Lucas-balancing number with C; = 3 and C; = 17.



Another famous mathematician Liptai, later showed that the only balancing number in the
sequence of Fibonacci numbers is 1. Moreover The closed form of both balancing and Lucas-
balancing numbers are respectively given by

B al’l + Bn

o — ﬁn
B, = d C,= .
a—f ana 2
The recurrence relation for balancing and Lucas-balancing are popularly known as Binets for-
mulas for balancing and Lucas-balancing numbers [3,8]. This paper is a combination of three
major results which uses a great deal of the above concepts and the resulting derivations.




Chapter 1

Preliminaries

In this chapter, include some known definitions which are frequently used in this work.

1.1 Recurrence Relation

A recurrence relation is an equation that defines a sequence recursively; where each term of the
sequence is defined as a function of the preceding terms [5, 11].

1.2 Triangular Numbers

A number of the form n(n+1)/2 where n€Z* is known as a triangular number.The trian-
gular number n(n+1)/2 represents the area of a right angled triangle with base n+ 1 and
perpendicular n. It is well known that n€Z™ is a "Triangular Number" if and only if 8n+1 is
a perfect square [5,11,12].

1.3 Fibonacci Sequence

The Fibonacci sequence [11,12] is defined recursively as F; = 1, F> =1 and

Foi=F,+F,_ for n>2.

1.4 Lucas Sequence
The Lucas sequence [11,12] is defined recursively as L; = 1, L, =3 and

Ly =L,+L, for n>2.

1.5 Binet Formula

While solving a recurrence relation as a difference equation, the n'* term of the sequence is
obtained in closed form, which is a formula containing conjugate surds of irrational numbers is



known as the Binet formula for the particular sequence. These surds are obtained from the auxil-
iary equation of the recurrence relation for the recursive sequence under consideration [8, 11, 12].
Binet formula for Fibonacci and Lucas sequence are respectively

G]"—Gzn
O] — Oy

F, and L, :O'1n+62n,

where o] = “’Tﬁ and 6, = 1%5

1.6 Pell Sequence

The Pell sequence are defined recursively as [11,12],
P11 =2P,+P,_ for n>2,

where P, =1 and P, = 2.

1.7 Associated Pell Sequence

The associated Pell sequence is also determined from the same recurrence relation as that of
Pell numbers as [11,12],
On+1 =20y +0Qn—1 for n>2,

where Q; =1 and Q, = 3.

1.8 Balancing Sequence
The solutions n and r of the Diophantine equation [3,4, 8],
1424+...+(n—1)=(n+1)+(n+2)+...+(n+7)

are called balancing numbers and balancers respectively.

The recurrence relation for balancing sequence is
Bn+1 = 6Bn —Bn_] for n > 2,

where B, is the n'" balancing number with B; = 1 and B, = 6. n is a balancing number if and
only if 7 is a triangular number, that is 8n% + 1 is a perfect square.

1.9 Lucas-balancing Sequence

If n is a balancing number, C,, = v/8n? + 1 is called a Lucas-balancing number [3,4,8].
The recurrence relation for Lucas-balancing sequence is

Chr1=6C,—C,—; for n>2,

where C,, is the n'" Lucas-balancing number with C; =3 and G, = 17.



Chapter 2

On k-balancing numbers

2.1 Introduction

The Fibonacci numbers are defined by the recurrence relation [11,12],

Foy1=F,+F,_for n>2, (2.1.1)

where F,, is the n'" Fibonacci number with F; = 1 and F> = 1. In [9], Falcon and Plaza general-
ized the definition of Fibonacci numbers and defined k-Fibonacci numbers as follows:

Definition 2.1.1. For any integer number k > 1 the k' Fibonacci sequences, say {Fy , }nen is
defined by the recurrence relation [9],

Finy1 =kFp+Fipo for n>1, (2.1.2)
where Fj o =0, and Fj; = 1.

When k = 1 the k' Fibonacci sequence reduces to Fibonacci sequence. while for k = 2, it
reduces to Pell’s sequence. In [9], Falcon and Plaza studied k-Fibonacci numbers with indices
in an arithmetic progression. In this chapter, we define k' balancing numbers and consider the
sums of k-balancing numbers with indices in an arithmetic sequence, say an + r for fixed inte-
gers a and r. This enables us to give several formulas for the sums of such numbers.

Definition 2.1.2. For any integer number k > 1, we define the k’" Balancing sequence as say
{Bin}nen is defined by the recurrence relation

Bk,n-}-l = 6kBk7n _Bk.,n—l for n > 1, (213)
where B g =0, By =1.

2.2 Some properties of the k-Fibonacci and k-balancing numbers

The Binet formula for k-Fibonacci numbers [9] is
o"— o)

Fk,n: ’
O] — Oy

4



k+Vk2+4 k—VKk2+4

where 01 = =25~ and 0 = >

The following important formulas available in [9], can be proved using the Binet formula.
They are needed to prove results of the subsequent sections. For n, m>0.

1.

2
3
4.
5
6

Catalan’s identity: Fy ,— Finir — F2, = (—1)"T7F2 .

. Simson’s identity: Fy 1 Fi o1 — F2, = (—1)".

. D’Ocagne’s identity: Fy Fx n+1 — Fimt1Fen = (—1)" Fen—n-

Convolution product: Fy 1 Fm + Fi nFim—1 = Fingm-

. Forallintegers n > 1, o* + B" = Fy 1 + Fin—1-

: Fk,a(n+2)+r = (Fkﬂ*l + Fk,a+l)Fk,a(n+l)+r - (_ 1 )aFk,anJrr-

It is easy to see that the Binet formula for k-balancing numbers is

an_ﬁn

Bip=—+
k,n a_ﬁ?

where & = 3k++v9k2—1 and B =3k—+v9k%—1.

For n, m>0, by using The Binet formula, we can easily get the following new formulas.

1.

Catalan’s identity: B — By Binir = B2

ﬂr'

2. Simson’s identity: B,%_n —Bin—1Bips1 = 1.

3.

2
k,m—n*

D’Ocagne’s identity: By Bk n+1 — Bim+1Bin = B

4. Convolution product: By 1B m — BinBkm—1 = Bintm-

2.3

On the k-balancing numbers with indices of the form an + r

Lemma 2.3.1. For a given natural number n(n>1),

"+ B" = Biusy1 — Bin—1- 2.3.1)

Proof. By applying Binet formula and taking aff = 1.

Bini1 —Bip1 =




Lemma 2.3.2. For natural numbers n and r,

Bk,a(n+2)+r - (Bk=ﬂ+1 - Bkaa*I)Bk,a(n+l)+r - Bk,an+r' (2.3.2)
Proof. By using the above Lemma 2.3.1 and Binet formula we can prove;

(aan+a+r _ Ban+a+r)

(Bk,a+l - Bk,afl)Bk,a(nqu)Jrr = (aa + Ba)

o—p
o t2)+r _ ﬁa(n+2)+r 4 qantr — ﬁan+r
= B
= Bk,a(n+2)+r + Bk,an+r~

2.4 Generating function of the sequence {Bj 4}

Let fu,(k,x) be the generating function of the Fibonacci sequence {Fj gntr} with 0<r<a—1,
Then the following result was proved in [9]

o Fk,r + (_l)rFkﬂ—rx
1= Lpgx+ (—1)a?

far(k,x) (2.4.1)

Theorem 2.4.1. The generating function g, ,(k,x) of the sequence { By an+,} with 0<r<a—1,
is

By — Bir—aX
rkyx) = ——F—. 2.4.2
Jartkod) = G (42)
Proof.
(l - 2Ck,ax + xz)faﬁ(ka x)
= (1 —2Cy 0 +x*) (B + BrayrX + Brogi X+ ...
= Bk,r + (Bk,a+r - 2Ck,aBk,r)x + (Bk,2a+r - 2Ck,aBk,a+r 'f'Bk,r)x2
+ (Bk,3a+r - 2Ck,aBk,Za-‘rr + Bk,a—i—r)x3 +..
= Bk7r + (Bk7a+r - 2Ck,aBk7r)x + Z Bk7a(n+2)+r - 2Ck7aBk,a(n+l)+r + Bk,an-i—r
n>2
= Bk,r + (Bk7a+r - 2Ck,aBk,r)x + Z _Bk.,cm-‘rr + Bk.,cm-‘,—r]
n>2
- Bk,r + (Bk.,a-&-r - 2Ck,aBk,r)x
- Bk,r - Bk,r—ax-
Hence, the generating function for the initial power series is
Bk r— Bk r—aX
k,x) = ———.
Jar (k) 1 —2C; ox + X2
O



2.4.1 Particular cases

The generating functions of the sequences { By 4, } for different values of the parameter
a and r are

(1) a=1landr=0: fio(k,x) =

1— 6kx+x2
(2) a=2:()r=0:frolkx) = mgEcimme (0 =1:f1(6%) = rgme -
2
(3) a=3:()r=0:frolkx) = Txiosd e (@r="11 106 = e

2.5 Sum of k-balancing numbers of kind an + r

The following Fibonacci results are available in [9],

Fka (n+1)+r — ( 1>aFk,an+r*(*1)rFk,a—r*Fk,r
ZFkaH-r =

(2.5.1)
Fk7a+l +Fk,a71 - (_1)a —1
Theorem 2.5.1. Sum of k-balancing numbers of kind an+ r
< B r—B r + Bk a—r + Bir
ZBk it = k,an+ ka(n+1)+ k,a k, . (252)
2— Bk,a+1 + Bk,afl
Proof. By using Binet formula, we get
n n al+r ﬁaH—r
Bk,ai+r - - o
X =1
— 1 i aaiJrr _ i ﬁaH»r
a—p |5 i=0
1 ‘aan+r+a _ ar ﬁan+r+a _ l}r
- a—B| ai—1 Bi-1 ]
1 ’aan-i-r _ BarH-r _ aarz+r+a +ﬁan+r+a + odr — Ba—r + o’ — Br
“a-B| 2—(a+B)
N Bk.,zm-i—r - Bk,a(n-‘rl)-i-r +Bk,u—r + Bk,r
2_Bk,aJrl +Bk,a71 '
]
2.6 Particular cases
2.6.1 Case-1
Sum of odd k-balancing numbers, If a = 2p + 1 then Eq.(2.5.2) is
u Bi.2p+nsr — Bi,2pr1)(nr 1) +r + Br,2ps1)—r T Bk,
ZBk,(2p+l)i+r _ ,2p+1)n+r 2p+1)(n+1)+r (2p+1)—r r ' 2.6.1)
i=0 2—Biop+2+Biop



Examples

. . .  Bia—Br(uinytBii  Bin—Bi (i) tl
(1) fp=0thena=1,r=0and Y} By, = — > Brs -

(a) For k = 1, the formula for classical balancing sequence,

iB': Bn_Bn+l+1 :Bn-‘rl_Bn_1
= 2—6k 4 ‘

(b) For k = 2, the formula for the Pell’s sequence is 1", P, = P”_;i’g,‘:”l = funt 1_5) w1,

B ntr—Bi 3(n+1)+r B 3—r+Bir
_ _ n R ]
(2) Ifp=1anda=3,then Y} (Bi3iir = R TTAIN T .

Bie3n—By3(ns1)+36k*—1
_ . n — ;on . —
(@)r=0:Y" gBi3i= e isr s fork=1,

. . . — 3
the formula for classical balancing sequence is Y.\, B3; = %”gﬁs.

—1- _ Brant1—BrantatOk+1 -
(b)r=1: YiioBrsiv1 == n2*2167(;+18k sfork=1,

. . . B —B 7
the formula for classical balancing sequence is Y.\, B3it1 = %.

_A.yn _ Bignr2—Bijsnis+0k+1 _
(C)r - 2 . Zi:OBk,3i+2 - n27216k;+18k B fork - 17

the formula for classical balancing sequence is )./, B3j12 = W.

Bisntr—Bisn+1)+r+Brs—rtBir
- —_ n _ 5 y
(3) Ifp=2anda=S5, then ¥l oBisiir = =5 77651 1050830k

-\ __ Bisp—BysnistBis
(@)r =0 Yo Brsi = 377765+ 1080030k

2.6.2 Case-2

Sum formula for even k-balancing numbers: If a = 2p then Eq.(2.5.2) is

i B Bk,2pn+r - Bk,2p(n+1)+r + Bk,prr + Bk7r
k2pi+r — .
= 2= Biop+1+Biop-1

(2.6.2)
For Example :

B n r_B 7 +B S 7r+B r
(1) If p=1thena=2then ¥} (B, = — 22—,

. Bion—Bia(nr1)+6k .
(@)r =0: Y] Bioi = =255 %; fork=1,

. . . B —By,—
the formula for classical balancing sequence is Y/ (B = %2”6.

. Biont1—Brony3+2
(b)r=1:Y1"0Broit1 = — =gz fork=1,



. ) . Bowis—Boni1—2
the formula for classical balancing sequence is Y./ Baj; 1 = —2=—572—.

. . _ Brantr—Brami)yrrtBra—r+Bi,
(2) Ifp=2thena=4then Y’ (Byaitr = 12960 .

. n.vn _ Bian—Branyat216k3 12k
(@)r=0:YoBrai = 144k 1296 :

_1.vn  Brant1—Branss—36k*+2
(b)r =1: X0 Braivt = =g nem

The following Fibonacci results are available in [9].The sum of k-Fibonacci numbers of order
an—+ris

i(—l)iF D" P+ (S Featy e+ (21 Fiar + Fir (2.6.3)
] k,ai+r Fk,a-i—l +Fk,a—1 + (_1)a +1 . .0.
Theorem 2.6.1. The alternating sum of k-balancing numbers of order an+r is
Xn:( l)iB (_l)an+2aBk7“”+’+ (_l)an+2aBk,a(n+1)+r + (_1>aBk,a7r+Bk,r (2.6.4)
- k i = . . .
=0 o 24 (= 1)+ (By a1 — Bra-1)
Proof. Applying Binet formula, we get
n . n az+r ﬁaz+r
Z(_l)lBk,ai+r Z
i=0 i=0
( 1)t - ai+r __ ai+r
o B
T Z :
“"+a qéntrta _ o (-1 )an+aﬁan+r+a — B
ﬁ |: Oc“—l B (_1)aﬁa_1
l)an+2aBk antr+ (= l)a’HzaBk aln+)+r t (— l)aBk,afr + By
2+(_1)a+1(Bk,a+l _Bk,a—l) '
O

For Example:

(=) 2By +(—=1)" 2By 1 — 1

(1) a=1landr=0then, Y ;(—1)'By;= 316k

(2) a=2andr=0then, ¥} o(—1)Byy = ZeantBranatok,

(3) a=2andr=1then, Y} o(—1)Byyirs = o2t Bhanuat?

3_
(4) a=4andr=0then, Y} (—1)Byy = B Branat (100120

By ans1+Br an5-+36k>
(5) a=4andr=1then, Y} (—1)Brair1 = —Hior .




Chapter 3

Generalized balancing number and
Pell’s equations of higher degree

3.1 Introduction

Let d be a non-square positive integer. The Diophantine equation x*> — dy? = 1 is called the
Pell’s equation. It is well known that given the smallest positive solution (xo,yo), all solutions
(xn,yn) can be obtained from [11,12]

Ya+ Vx, = (xo+ Vdyp) . (3.1.1)
Observe that the Pell’s equation can be written in the form
det< * dy ) =41, (3.1.2)
y x

In a recent paper, [2] has generalized Pell’s equation to higher degree as follows.

Let A and B be non-zero integers then the second order linear recursive sequences
R={R,},_yand V ={V,}~, are defined by the recursions

R,=AR,_1 +BR,_» and V, =AV,_{ +BV,_, for n>2, (3.1.3)
Ry=0,R =1,Vy=2and Vi =A.If A=B=1then R, =F, and V,, = L, where F,, and L,
denotes the nth Fibonacci and Lucas numbers respectively.
We define a generalized balancing sequence by the recursions
R, =6AR,_1 —BR,_» and V,, =6AV,,_; —BV,_, for n>2, 3.1.4)
while Rg=0, Ry =1, Vp=1andV; =3A.IfA=B=1then R, = B, and V,, = C,,, where B,, and

C, denotes the nth balancing and Lucas balancing numbers respectively.

The polynomial g(x) = x> — 6Ax + B is said to be the characteristic polynomial of the
sequences R and V. The complex numbers o and 3 are the roots of g(x) = 0.
Then, the Binet’s formula are

a — B" n n
= B and Vn:a +B
a—p

R, for n>0. (3.1.5)

10



The Pell’s equation x> — dy? = +1(d€Z) can be written as

det<x dy)zﬂ:l.
y X

The quasi-cyclic matrix is defined in [6,7,10] as

x1  dx, dx,—i
X2 X dx,

Qn:Qn(d;xlyx27x3)"-axn) = X3 X2 X1

Xn Xp—1 Xp=2

dX2
dx;
dX4

X1

Y

(3.1.6)

i.e, every entry of the upper triangular part(not including the main diagonal) of the cyclic matrix

of entries x1,x2,x3,...,X, is multiplied by d. The equation

det(Q,) = £1,
i.e,
x1 dx, dx,—1 -+ dx
Xy X dx, - dx3
det| 3 x2 Xpoooceodxy | =4,
Xn Xn—1 Xpn—2 ce X1

is called Pell’s equation of degree n > 2.

If n =3 then (3.1.7) has the form

X3 +dx3 4 d*x — 3dxxaxs = +1.

3.2 The main results and their proofs
In a recent paper [6], forn>2,
det(Qn(Ln;FanlFan% e 7F;1) =1 for n>2,

where F, and L, denotes Fibonacci and Lucas numbers respectively.

We consider a similar result for generalized balancing numbers.

Theorem 3.2.1. Let n > 2, then

det(Qn(ZCn;Banleﬁ% cee 7Bn) = 17

where B,, and C, denotes balancing and Lucas balancing numbers respectively.

11

(3.1.7)

(3.2.1)

(3.2.2)



Proof. For n =2, we have

det(Q,(2C2;B3,B2)) :det< 365 23054 > =1.

So, The result is true for n=2. We have to prove this result for n > 2, let

1 -6 1 ... 0 O
o 1 -6 ... 0 O
0 0 1 ... 0 O
T=1| . AR b (3.2.3)
0 0 0 1 -6
0 O 0 0 1

By multiplication of matrices and properties of balancing and Lucas balancing, we have

By1 =By 2 1 0 0
By, o —By—3 0 1 0
0,T = By, 3 —By4 0 0 0 (3.2.4)
: : U |
B, -B, 0 0 ... 0
B, -B,.;1 0 0 ... 0
Taking the determinant of both sides of (3.2.4) and det(T)=1, we have
det(Q,) = det(Q,)det(T) = det(Q,T)
B -B, 00 ... O
B, -B,; 0 0 ... O
Byy1 —Boy2
_(_1\2n—4
= (=1)""det Boy—2 —Bap-3
: : I, >
Bn+2 _Bn+1
B —B
=det| ! " ) det(1,_
< By, =By ( 2)
= (B, —Buy1By1)
=1.
Thus, Theorem 3.2.1 is true. ]

Lemma 3.2.2. Let the sequences R and V be defined by (3.1.4) and o# in (3.1.5), then
1. RyyiR, 1 —R>=—-B"(n>1),
2. 2VuRy = Ron(n > 0),

3. 2VuRnt1 = Ronti +B(”l > 0)7

12



4. E' =2V,I, and E™' = 2V, E, (n > 3),

where E, is defined as

00 0 2v,
10 ... 0 0

E,~| 01 ... .0 | (3.2.5)
N : 0
00 .. 1 0

Proof. The first three properties of the Lemma are known or using (3.1.5), they can be prove
easily.For the proof of (4) Lemma (3.2.2) of consider the multiplication of matrices,

00 ... 02, 0
00 ... 0 0 2v,
) 10 ... 0 0 0
E, =EnEn=| o 1 o 0 o |
00 1 0 0
00 0 2v, 0 0
00 0 0 2v, 0
00 0O 0 0 2v,
E,?:E,%.En: 1 0 0 O 0 0 7
0 1 0 0 0 0
00 1 0 0 0
2V, 0 0 0
0O 2V, ... 0 0
Ey = S =2V,1,,
0O 0 ...2, 0
0 0 0 2V,
hence, E''! =E"E, = (2V,I,)E, = 2V, E,. O

Theorem 3.2.3. By using [2]| for n > 2 we can show that
det(Qn(Vn;Ranl 7R2n727 cee >Rn)) = Bn(nfl)’

ie, (X1,%2,%3,...,%) = (Rau—1,R2n-2,...,Ry) is a solution of the generalized pell’s equation
of degree n,
det(Qn(V";xl’x27x3a “e- 7xn)) = Bn(nil).

Proof. For n =2 we get that

36A2—~B 6A(36A% —2B)

det(Q2(2V2;R3,R2)) = 6A 36A%*—B

- B2.
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If n > 2, let us consider the nxn matrices

1 —-6A B 0 0
0 1 —6A ... 0 0
T, = e
0 0 0 —6A B
0 0 0 1 —06A
0 0 0 0 1
Ryu_1 2VuR, ... 2V,Rou_»
Ray2 Rop1 ... 2ViRou 3
Qn: (Qn(zvn;RZn—laRZn—Za--~:Rn)) - . . . .
R, Ry ... Roy

Then, by (3.1.4),(3.1.5) and (1)-(3) of Lemma 3.2.2, we can verify that

Ry, 1 —BRy, » B 0 ... O
Ry » —BRy 3 O B ... 0
0,.T, = : : Do :
Ryy2 —BRyy1 00 B
Ry —BR, 0 0 0
R, —BR,1 0 O 0

Taking the determinant of Q,,.7,, we get that

det(Q,.T,) = (—1)*"">(BR? — BR,,; R, 1) det(BI, 5)
= (BR2 —BR, 1R, 1)B"*
= Bn_l (R;21 - Rnfanqu)
_ Bn(n—l) )

Hence, Theorem 3.2.3 proved.

From [2] the inverse matrix is defined as:
Q"' (Va:Ron-1,Ron2,...,Ry) = (—1)""'B"(Bl, + AE, —E;) forn>3.

Theorem 3.2.4. By using the above result we can show that for n > 3, the matrix
0n(2V;Rop—1,Ron—2,...,Ry) is invertible and it’s inverse matrix Q;l is as follows,

0, ' (2Vi;Rap—1,R2n-2,...,Ry) = (—1)B *(BI, — 6AE, + E}),
where I, and E, denotes the identity matrix of order n and E,, is defined by (3.2.5).
Proof. Theorem 3.2.3 implies that
Q. ' (2VuiRon—1,Ron_2,...,R,) exists. It is easily verify that

Qn(Q’VH;RZn—l 7R2n—2; X 7Rn) = Rop— 1l + Ry 2 Ey +R2n—3Er% +... +RnErr:717
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therefore we have to show that
30,(—1)B%(BI, — 6AE, + E2) =
1.€,
(Ran_ 11,4 Ron 2E, +Rop 3E> 4 ...+ R,E™ ) (=1)B%(Bl, —6AE, + E>) =1,.  (3.2.6)

By (3.1.4), the left hand side of (3.2.6) can be written as

(=1)B™%(BRy,_11, + BRy, 2E, — 6ARy, E, — 6ARE! + R, 1 E" + R,EN 4+ 0, +...+0,),
(3.2.7)

where O, is the zero-matrix of order n.

Thus applying (3.1.4),(1)-(4)of Lemma 3.2.2 and (3.1.5), then (3.2.7) is equal to

(=1)B™2(BRay_11, + (BRyy_2 — 6AR2, 1 )E, — 12AR, VI, + 2R,y 1Vl + 2RV, E,,)
(=1)B™*(BRyn—11, — 2B,_1Vyl,,)
(=1)B™?BI,(Ryp_1 —2R,_1Vy,)
(=B~ (=B,
I

n-

Hence, Theorem 3.2.4 is proved. U

Corollary 3.2.5.

(-1,6A,—1,0,...,0), ifB=1,
(—xl,x% xn) = .

(1,6A,—1,0,...,0), if B=—

is an other solution of the generalized Pell’s equation
det(Qn(2Vy; x1,x2, .., xn)) = 1. (3.2.8)
Proof. By Theorem 3.2.4,
det(Qn(2Vp: Ron—1,Ron—2, .-, Rn)).det(Q, " (2Vi: Rop—1, Ron—2,... ,Ry)) = 1,

thus, if |B| = 1 then by Theorem 3.2.3,

det(Q;l(ZVn;Rzn_thn_z, o Ry)) =1,

15



Example:

Let B=1,then by Theorem 3.2.4,

0, ' (2Vu;Rou—1,R2n-2, ... ,Ry) = —I, + 6AE, — E>

ie, (x1,x2,...,%)

1 0 .. —20,
6A —1 ... 0

_| -1 64 ... 0
0 0 .. 64

(—=1,6A,—1,0,...,0) is a solution of (3.2.8).

16
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